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Abstract

This thesis develops a framework for applying the Hrushovski construction to ordered
fields and uses it to construct and study theories associated with two natural expansions
of the real field.

We begin by presenting a general framework for applying the Hrushovski construction
to structures equipped with a suitable pregeometry. The framework is then applied to
two specific expansions.

The first application constructs and studies the theory of green points in the reals, an
expansion of a real closed field by a multiplicative subgroup inspired by Poizat’s theory
of green points. We prove that the real field with a dense family of logarithmic spirals is
a model of the constructed theory. We establish that our theory has an o-minimal open
core and is strongly dependent, and we then study distality and type decomposition.

The second application concerns raising to powers on the unit circle, the expansion of
the real field by the graphs of power functions on the unit circle. Under a Schanuel-type
conjecture, we prove that every open definable set remains semialgebraic. The proof uses
a two-sorted structure that separates the linear and algebraic data, inspired by Zilber’s
raising to powers. We construct a theory using the Hrushovski construction and prove
that the intended structure is a model.

Together, these results demonstrate that the Hrushovski construction can be success-
fully adapted to ordered settings, producing expansions of real closed fields that exhibit
geometric and combinatorial tameness. This work provides a new framework for the

study of expansions of o-minimal structures by dense predicates.
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Chapter 1

Introduction

Model theory studies mathematical structures through the formal languages used to
describe them. A central goal is to understand the complexity of definable sets and the
interactions between algebraic, geometric, and combinatorial properties of a structure.
At the most rigid end of the spectrum are two of the most successful tameness notions in
model theory. Strongly minimal theories provide a rigid setting in which every definable
subset of the universe is finite or cofinite, while o-minimal theories provide an analogous
notion for ordered structures, in which every definable subset of the universe is a finite
union of points and intervals.

A fundamental feature of strongly minimal theories is that algebraic closure induces
a pregeometry. This observation plays a central role in the classification programme for
strongly minimal theories. In the 1980s, Zilber conjectured that every strongly minimal
theory should either have a locally modular pregeometry, as in the theory of vector
spaces, or interpret an infinite field. Hrushovski [Hru93] disproved this conjecture by
constructing a new strongly minimal theory whose pregeometry is not locally modular
but which does not interpret an infinite group. His construction adapts the classical
Fraissé limit by replacing ordinary embeddings with strong embeddings, a special class
of embeddings controlled by a predimension function.

The same ideas led to a variety of new structures. Hrushovski [Hru92] used similar
methods to obtain fusions of strongly minimal theories, while Poizat [Poi01] introduced
colored fields, including the theory of green points, an w-stable expansion of an alge-
braically closed field by a multiplicative subgroup. Following Poizat’s work, Baudisch,
Hils, Martin-Pizarro, and Wagner [BHMPWO09] constructed a rank-2 expansion, prov-
ing the existence of a bad field of characteristic 0. These developments established the
Hrushovski construction as a powerful tool for producing counterexamples in geometric
stability theory.

In the early 2000s, Zilber [Zil02] proposed the study of analytic structures via the



Hrushovski construction. In his paper [Zil03], he constructed the theory of raising to
powers, a superstable theory that, assuming the Schanuel conjecture, axiomatizes the
expansion of the complex field by “power functions”. In [Zil04], he also constructed the
theory of pseudo-exponential fields, a candidate for the theory of the complex field with
the exponential function. For colored fields, Caycedo and Zilber [CZ14] found a model
of the theory of green points, which is the expansion of the complex field by a dense
family of logarithmic spirals. Zilber’s work illustrated the potential of the Hrushovski
construction as a framework for axiomatizing natural mathematical structures.

The purpose of this thesis is to investigate whether this method can be carried out in
an ordered setting. More specifically, we develop a general framework for applying the
Hrushovski construction to a geometric structure and use it to construct and analyze
expansions of the real field.

There are two motivations for this programme. The first comes from the internal
structure of o-minimal theories. In an o-minimal structure, definable closure and alge-
braic closure coincide and induce a pregeometry. This is formally reminiscent of the
situation in strongly minimal theories, where the Hrushovski construction was originally
formulated. This raises the question of whether this method can be adapted to construct
new tame expansions of o-minimal theories.

The second motivation comes from the study of expansions of the real field. A central
problem is to classify the expansions in terms of geometric tameness of their definable
sets. Among the natural expansions are those obtained by adding trajectories of linear
vector fields. Miller [Mill1] studied expansions by locally closed trajectories and proved
that such an expansion is either d-minimal or defines the set of integers. However, the
situation for expansions by dense trajectories was unclear. The structures constructed
in this thesis provide natural examples in this direction: they are expansions by dense
sets, but nevertheless have o-minimal open core.

The main mathematical contributions of this thesis are two applications of the
Hrushovski construction to expansions of ordered fields. The first constructs and ax-
iomatizes the theory of green points in the reals. These results were originally developed
by the author and appeared in [Zha26]. The second develops a new Hrushovski construc-
tion for expansions of real closed fields by power functions on the unit circle, yielding
an axiomatization of the corresponding expansion of the real field and an analysis of its
definable sets.

In the first application, we study expansions of real closed fields by a divisible sub-
group of the complex multiplicative group. The resulting theory can be viewed as a
real analogue of Poizat’s theory of green points. Under a natural Schanuel-type assump-
tion, we prove that the real field expanded by a dense family of logarithmic spirals is a
model of the resulting theory. The construction and axiomatization of this theory were



developed during the author’s master’s studies.

We analyze the neostability of the resulting theory by computing its dp-rank and
proving that it is strongly dependent. We further study distality and type decomposition,
which gives a more refined picture of the interaction between the pregeometry and the
order. We also remove the assumption in [CZ14] and prove, without assuming the
relevant Schanuel-type conjecture, that the complex field expanded by a dense family of
logarithmic spirals is a rich structure.

In the second application, we study the expansion of the real field by the graphs of
power functions on the unit circle. This problem is closely related to Zilber’s raising to
powers [Zil03]. Rather than working directly with these trajectories, we introduce a two-
sorted structure that separates the linear information from the algebraic information and
apply the Hrushovski construction with predimension measuring the interaction between
linear and algebraic structures. We give an axiomatization of the constructed theory and
prove that, again under a Schanuel-type assumption, the corresponding expansion of the
real field satisfies the axioms.

Our constructions reveal a new phenomenon specific to the ordered setting. In the
classical stable situation, the key model-theoretic consequence of the Hrushovski con-
struction is often the uniqueness of the type of independent elements. In an ordered
structure, one cannot expect such a uniqueness statement without taking the order into
account. The appropriate analogue is uniqueness of the independent type over a fixed
cut. By a criterion of Boxall and Hieronymi [BH12], this property is sufficiently strong
to prove o-minimal open core. More precisely, in both constructed theories, every open
definable set is semialgebraic.

The two constructions have different geometric origins, but they are governed by
the same general mechanism. In both cases, we combine an algebraic structure with an
additional structure whose algebraic dependence is measured by a predimension function.
The main difficulty is then to axiomatize the resulting theories and to identify their
natural analytic models. In both cases, we need ingredients from algebraic geometry,
particularly results on the torus and the exponential, to establish axiomatization and to
prove existential closedness of natural structures.

To treat both situations uniformly, this thesis develops a general framework for
Hrushovski constructions in which the predimension is defined on a distinguished pred-
icate. This framework extends the usual presentation of the construction and isolates
the features that are common to the green-points and raising-to-powers settings. We
establish the amalgamation and richness results in this general context and prove back-
and-forth, existential closedness, and near model completeness for the resulting theory.
The framework then serves as the common foundation for the two constructions.

The thesis is organized as follows. Chapter 2 collects related concepts in model



theory and algebraic geometry. Chapter [3|develops the general framework for Hrushovski
constructions over a predicate. Chapter [4] studies green points in the reals, and Chapter
studies raising to powers on the unit circle.

1.1 Main results

1.1.1 Green points

To obtain green points in the reals, we apply the Hrushovski construction to the following
setting:
e areal closed field R = (R, <,+,-,0,1),
a divisible subgroup G of the multiplicative group of the algebraically closed field
K := R(i), identified with R?
the class C of all such structures (R, G),
the divisible hull operator cl : P(K*) — P(K*), and
the predimension function §(a) := trd(a) — md(cl(a) N G), for a C R%.

The transcendence degree of a = ((21,y1), .., (Zn,yn)) is counted as follows:
trd(a) := trd(z1, Y1, -y Tn, Yn)-

The multiplicative degree md is the dimension function induced by cl.

Strong embeddings between structures in C are embeddings with non-negative pred-
imension. Fix a small structure B € C, and let Cg consist of all structures A € C such
that B is strongly embedded into A.

A structure U € Cp is rich if for every strong embedding X — ) between small
structures, every strong embedding from X to U extends to a strong embedding from
Y to U. We show that Cp has the strong amalgamation property, and hence contains a
rich structure.

To find the theory of rich structures, we need to first axiomatize the class Cg. The
key observation is that, if a satisfies too many algebraic relations, then a must belong to
some coset of a proper algebraic subgroup of the torus. By applying Zilber’s weak CIT,
a result on atypical intersections, we can reduce to finitely many possible subgroups.
Thus, we obtain a set of sentences Ty that axiomatizes Cg.

To capture existential closedness of rich structures, we use a set of axioms EC, saying
that every rotund block intersects GG, where rotund blocks are precisely the loci of strong
extensions. Let T; gCh be the union of T and EC. We prove the following theorem in

Subsection [£.2.21

Theorem 1.1.1. Rich structures in Cg are exactly w-saturated models of TgCh.



In rich structures, the predimension function induces a pregeometry Cl. When ap-
plied to expansions of strongly minimal structures, the Hrushovski construction produces
stable structures, because the Cl-independent type is unique. In the ordered case, we
have the analogue that the Cl-independent type for a fixed cut is unique. This property
allows us to prove that every open set definable in a model of T gCh is semialgebraic.

By calculating the dp-rank, we prove that 7, g“h is strongly dependent. The theory
is not distal. Nevertheless, its types admit an explicit decomposition into a stable-like
component and an order-like component. More precisely, the Cl-independent type is
compressible relative to Cl-independence, which can be stated by a generically stable
partial type.

Let Roring := (R, <, +,-,0,1) be the real ordered field. We identify R? with C. Let

(Roring, G) be the expansion by the subset G C R? given by:
G =exp(eR+Q)={e cR?*|tcR, s €Q},

where @@ C R is a non-trivial finite dimensional Q-vector space, and € = 1 + 5 for some
p € R\ {0}. In order to find a small substructure B such that (Roing, G) € Cs, we need
the Schanuel conjecture for K-powers (SCg, Conjecture [2.5.9)) to obtain a lower bound

of the predimension function.

Theorem 1.1.2. Assume SCk holds for K = Q(Bi). Then (Roring, G) is a model of
TgCh.

See Section for the proof of the above theorem. In fact, the intended structure
(Roring, G) satisfies the EC-property without further assumption. The key observation
is that every rotund set has locally finite intersection with each logarithmic spiral. Con-
sequently, (Roring, G) inherits properties from TgCh, including o-minimal open core and
strong dependence.

In the final section of the chapter (Section , we remove the assumption of SC.
Because Roying is not saturated, the structure (Roring, G) itself cannot be rich. Neverthe-
less, using the techniques in [BK18], we show that its reduct (Cying, G) is a rich structure
in Cg, the subclass of transcendental extensions, without assuming Schanuel-type con-
jectures. Alongside the proof, we verify the countable closure property for (Cying, G),
answering a question in Caycedo’s [Cayl1].

1.1.2 Raising to powers

We study expansions of the real field by trajectories on tori. For example, for r € R,
consider
T, = {(*™ 2™ty ¢ 8t x ST C R |t € R}.



When r is irrational, I'; is a dense subset of the torus. More generally, we have the
following fact observed by Kronecker [Kro84]:

Fact 1.1.3. Let ay,...,an, € R such that (1,ay,...,a,) is Q-linearly independent. Let p
be the following map:

R — (R/Z)"

x — ([a1z], ..., [anz])
Then p(N) is dense in (R/Z)™.
For each a = (a1, ...,an) € R", let I'} be the following trajectory on the n-torus:
[7 .= {(eFmimt | e¥mianty ¢ (§H" |t € R},

We prove that every open definable set in (Roring, (I'n)neN,acrn) is semialgebraic.
To obtain this result, we reframe the problem using a two-sorted structure. For a
subfield K C R extending QQ, we define

RE .= (Rg -vs, Roring; exp),

where the first sort is R viewed as a K-vector space, the second sort is the real ordered
field, and exp : Rg.yvg — S C (]Roring)2 is given by exp(t) = >, This structure,
inspired by Zilber’s work on raising to powers [Zil03], is a powerful setting because it
defines all (I'y)pen,acrr and allows us to apply tools from both geometric stability and
tame geometry. We prove the following main theorem assuming the Schanuel conjecture
for K-powers (SCg), a weaker form of the Schanuel conjecture (SC). By Bays, Kirby,

and Wilkie [Kir10], SCx holds for a generic K (Fact [2.5.10]).

Theorem 1.1.4. Assume SCx holds for some finitely generated K. Then every open
subset of (Roing)™ definable in RE is semialgebraic.

Given a formula in R¥, only finitely many scalar multiplications occur, so it is already
a formula in R for some finitely generated K. Thus, we obtain the desired result. Note
that SC implies SCx for every subfield K C C of finite transcendence degree.

Corollary 1.1.5. Assume SCk holds for every finitely generated K. Then every open
subset of (Roring)" definable in RE is semialgebraic. In particular, every open definable

set in (Roring, (g )neN,acrn) i semialgebraic.

Our proof proceeds by constructing and axiomatizing a class of models for the po-
tential theory of RX. We apply the Hrushovski construction to the following setting:

10



a K-vector space V,
a real closed field R,
its unit circle S = {(x,y) € R? | 22 + y? = 1} as a subgroup of (R?)*,

e a surjective group homomorphism ex : V' — S whose kernel is a Z-group,

the class C of all such structures (V, R, ex), and

the predimension function d(x) := 1d* () + trd(ex(x)) — 1d%(x),

where 1d® denotes the K-linear dimension and trd denotes the transcendence degree.
The conjecture SCk precisely states that this predimension function is bounded below,
ensuring our intended structure RX can be seen as a rich structure in an elementary
class.

Strong embeddings between structures in C are embeddings with non-negative pred-
imension. Fix a small structure Z € C and let Cz consist of all structures in C strongly
extending Z. We provide a first-order axiomatization 17 of the class Cz, incorporating a
fact about atypical intersections, a weaker form of the Conjecture on Intersections with
Tori (CIT).

We call a structure U € Cz rich if for every strong embedding X — ) between
small structures, every strong embedding X — U extends to a strong embedding Y —
U. We prove the existence of a rich structure in Cz. The axiomatization of richness
consists of two parts: an axiom scheme KR that captures the Kronecker-type behaviour
of the trajectories, and an axiom scheme EC that captures existential closedness of rich
structures. The precise statements of T7, KR, and EC can be found in Sections

and [5.5] respectively.

Theorem 1.1.6. Rich structures in Cz are axiomatized by Tr U KRUEC.

Assuming SCr, there is a small substructure Z of the intended structure R¥ such
that RE € Cz. We prove that RX always satisfies KR and EC. The property EC is
shown by analyzing unlikely intersections using the Ax—Schanuel theorem.

The final step uses a criterion of Boxall and Hieronymi [BHI12|, which allows us to
transfer the equivalence of types of generic points into the definability of open sets,
yielding the main statement of open definable sets for rich structures in Cz (Corollary
. Combining this with the fact that RX satisfies the theory of rich structures, we
obtain the main theorem (Theorem [1.1.4)).

1.2 Outlook

The construction developed in this thesis suggests several directions for further investi-
gation. A natural first question is to locate the theory of raising to powers on the unit

11



circle within the stability hierarchy. Although the theory is not expected to be strongly
dependent (see the final remark in Section , we conjecture that it is NIP. A key step
towards proving this conjecture would be to obtain a better understanding of definable
closure. More precisely, we conjecture that, for every set A C V,

del(A) = ([A]E U (ex ([A]))

rce

If the theory is indeed NIP, one should then be able to investigate its finer model-theoretic
properties. In particular, following the analysis in the green points case, one expects the
theory not to be distal and its types to admit a corresponding decomposition.

The structure RX considered in this thesis concerns only the exponential restricted
to Rx.vs — S' C R%. A natural enlargement would be to construct the theory of the
real field expanded by the full exponential exp : Cx_ys — C = R? given by exp(t) = €.
The resulting structure would interpret the natural K-power functions of the real field,
while the complex raising-to-powers studied by Zilber would appear as a reduct. It
would be interesting to determine whether the Hrushovski construction can be adapted
to this richer setting and whether the tameness properties established here persist.

More generally, the methods developed in this thesis should apply to other analytic
structures of a similar nature. For example, replacing the multiplicative group by an
elliptic curve may lead to analogous Hrushovski constructions. One expects the resulting
theories to exhibit model-theoretic properties analogous to those of the multiplicative
case. The corresponding axiomatization would require a new argument along the lines
of Caycedo and Zilber’s [CZ14].

Finally, it would be natural to investigate analogous constructions in the theory of al-
gebraically closed valued fields (ACVF). In ACVF, the model-theoretic algebraic closure
coincides with the field-theoretic algebraic closure, which is a pregeometry, suggesting
that the framework developed in this thesis may extend to the valued-field setting. A
successful construction would provide a new approach to the model-theoretic study of
the p-adic exponential function.

Notations

Throughout this thesis, we work in first-order languages. We use curly letter X', )
for structures and E% for the interpretation of E in X. We use bold letters a,b for
finite tuples, and we write ab for the concatenation of two tuples. When we apply set
operations, finite tuples are identified with their underlying finite sets.

Let S be a set. For a subset X C S™™™ and a tuple @ € S™, we write X(—,a) or
X for the fiber of a, i.e.,

X(—a)=Xqg={xecS"|(x,a)c X }.

12



Here is a list of symbols:

w The set of all finite ordinals
P Power set

1d Linear dimension

md Multiplicative degree
trd Transcendence degree

tp Type

dcl Definable closure

acl Algebraic closure

J/Cl Independence relation induced by cl
MR Morley rank

13



Chapter 2

Preliminaries

In this chapter, we collect some basic concepts and results in model theory and algebra.
Basics of model theory can be found in the book [TZ12].

2.1 Pregeometry

We begin with the basic combinatorial notion of a pregeometry. For more details, we
refer to [Mar(02, Section 8.1].
Let A be a set.

Definition 2.1.1. A pregeometry (also called a finitary matroid) on A is a function

cl : P(A) — P(A) such that for all XY C A and for all z,y € A the following

conditions hold:

. X Ccl(X) and cl(cl(X)) = cl(X).

. (Monotonicity) If X CY then cl(X) C cl(Y).

. (Finite character) If x € cl(X), then there is a finite set X’ C X such that x €
cl(X).

. (Exchange principle) If « € cl(X U {y}) \ cl(X), then y € cl(X U {z}).

w N =

W

Definition 2.1.2. A dimension function on A is a function d : Pg,(A) — N such that
for all &,y C A the following conditions hold:

1. d(z) < |z|.
2. (Monotonicity) d(x) < d(zy).
3. (Submodularity) d(x Uy) + d(z Ny) < d(x) + d(y).

Let cl be a pregeometry on A.

14



Definition 2.1.3. Let X, Y C A. We say X is independent over Y if
x ¢ (X \{z})UY) for every z € X.

If X is independent over the empty set then we simply say X is independent. We call
X abasis of Y if X CY Ccl(X) and X is independent.

Fact 2.1.4. Let X,Y,Z C A. If both X and Y are bases of Z, then | X| = |Y].

The dimension of X is the cardinality of a basis of X. The dimension function
induced by cl is the function
de : Pan(A) = N

mapping each finite subset to its dimension. Indeed, d. satisfies the conditions for a
dimension function.

On the other hand, every dimension function d also induces a pregeometry cl; given
by

cla(z) = | J{y € A | d(zy) = d(=)},

and clg(X) = Uyc x cla(x).
Example 2.1.5. Let V be a vector space over a field. Then the linear span defines a
pregeometry. The corresponding dimension function is the linear dimension 1d.

Example 2.1.6. Let G be a divisible group, and A be a subset of G. The divisible hull
of A is the following subgroup:

{be G|V" € (A) for some n € N}.

Observe that the divisible hull defines a Q-vector space structure on G/ Tor(G). There-
fore, the divisible hull defines a pregeometry. If G is the multiplicative group of a field,
then the corresponding dimension function is the multiplicative degree md.

Example 2.1.7. Let K be an algebraically closed field. Then the algebraic closure acl
is a pregeometry, whose dimension function is given by the transcendence degree trd.

Definition 2.1.8. A pregeometry cl is said to be modular if every finite-dimensional
cl-closed X,Y C A satisfy the following equality:

dcl(X @] Y) + dcl(X N Y) = dd(X) + dcl(Y).
Both 1d and md are modular, but trd is not modular. See [Mar02, Example 8.1.12].

Fact 2.1.9. A pregeometry cl is modular if and only if for every cl-closed X CY and
Z, we have
d(Xu(¥YnZz)=c(Xuz)ny.

15



Definition 2.1.10. Let B C A. The localization of cl at B is the map

clg: P(A) — P(A)
X +— (X UB).

Any localization of a pregeometry is again a pregeometry. For every X,Y C A,
the dimension of Y over X is the dimension of Y with respect to clx. If Y is finite-
dimensional, then d¢(Y/X) equals the following:

. / . /
X}Iglilarjx (dcl(X U Y) dcl(X )) .

2.2 Strongly minimal theories

In model theory, strongly minimal theories form the most fundamental class of theories,
including vector spaces and algebraically closed fields. The following facts can be found
in [Mar02, Chapter 6.

Definition 2.2.1. A structure A is minimal if every definable subset of A is finite or
cofinite. A theory T is strongly minimal if every model of T is minimal. A structure is

called strongly minimal if its theory is strongly minimal.

Fact 2.2.2. The algebraic closure operator acl in a strongly minimal structure is a

pregeometry.

Let A be a sufficiently saturated strongly minimal structure, and let d denote the

dimension function induced by its algebraic closure.

Fact 2.2.3. Suppose X C A™ is definable over a small set B C A. Then

MR(X) = max MR(z/B).

A generic point of X over B is an element of X achieving the mazximum Morley rank.
In fact, we only need |A| > max(|B|,|T'|) to obtain a generic point in A.
Fact 2.2.4. Let a C A and B C A. Then MR(a/B) = d(a/B).

In particular, if A = (A,+,+,0,1) is an algebraically closed field, then the Morley
rank of an algebraic set equals its Krull dimension.

16



2.2.1 Vector spaces

Let K be a field and let (V, 4,0, (A\x)rex) be an infinite K-vector space, where )y is the
scalar multiplication by k. The algebraic closure operator in V' is the K-linear span, and
(-definable sets are given by Boolean combinations of the following sets:

Definition 2.2.5. A subspace D of V" is K-linear if D = ker(Mp : V" — V™) for
some Mp € K™*™ of rank m. We define dim D := n — m, which equals the Morley rank
of D.

Note that D is definably isomorphic to V4™ and hence has Morley degree 1.

Fact 2.2.6. Let Vy CV be a K-subspace, and x € V™. We have

1d% (2) = min{dim D | € D for some K -linear D},
1d% (2/Vp) = min{dim D | ¢ € D + y for some K-linear D and some y C Vy}.

Lemma 2.2.7. Let A,B C V™ be K-linear subspaces. Then A+ B is also a K -linear

subspace.

Proof. Let R(M4) and R(Mp) be the row spaces of My and Mp respectively. Then
A+B = ker(R(My4))+ker(R(Mp)) = ker(R(Ma)NR(Mp)), which is a K-linear subspace
defined by a basis of R(M4) N R(Mp). O

Corollary 2.2.8. Let K' be a subfield of K. Then every K-linear subspace D C V"
contains a unique mazximal K'-linear subspace D:.

2.3 o-minimal theories

o-minimal theories are a fundamental class of tame theories expanding a linear order.
Examples include real closed fields and the expansion of the real field by restricted
analytic functions (Rgy).

Definition 2.3.1. A structure R = (R, <, ...) where < is a linear order is o-minimal if
every definable subset of R is a finite union of intervals and points.

Fact 2.3.2. The definable closure operator dcl in an o-minimal structure is a pregeom-

etry.

Let R be an o-minimal structure, and let d denote the dimension function induced
by its definable closure.
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Definition 2.3.3. Let X C R"™ be a definable set. The topological dimension of X,
denoted by dim(X), is the maximum k& < n such that the image 7(X) of some coordinate

projection 7 : R™ — R* has non-empty interior.
Fact 2.3.4. Suppose X C R"™ is definable over B C R and R is |B|*-saturated. Then
dim(X) = d(x/B).
im(X) = max d(x/ B)
A generic point of X over B is an element of X achieving the mazimum dcl-dimension.

If R is an expansion of (R, <) and B is countable, then we can always find a generic

point in the reals.

Fact 2.3.5. Let R = (R, <,...) be o-minimal and with countable language. Suppose
X C R" is definable over a countable set B C R. Then

dim(X) = max d(xz/B).

As in algebraic geometry, definable sets in o-minimal structures also satisfy a fiber-

dimension theorem.

Fact 2.3.6. Let AC R™ and f: A — R™ be both definable. Then the following set
By ={be R"|dim f~(b) = d}
1s definable, and the following equality holds:
dim f~1(By) = dim By + d.
For the proof of these results, we refer to [Dri98, Chapter 4].

Example 2.3.7. Let Ro be the expansion of Ruing by functions exp||_p, ) :  +— €”
and sin |[_,, ;) :  + sinz for all n € N. Since Ry is a reduct of Ray, it is o-minimal and
with countable language. Note that the complex exponential function restricted to any
compact domain is definable in Rg. This structure will play an important role in the

proof of the EC-property.

2.3.1 Cell decomposition
Fix an o-minimal structure R. We can describe its definable sets in an explicit way.

Definition 2.3.8.

A 0-cell is a singleton {a} C R.

A 1-cell is an interval (a,b) C R where a,b € RU {£o0}.

A subset X C R"™!is a (k + 1)-cell if there exist a k-cell Y C R™ and definable
continuous functions f,g: Y — R such that one of the following holds:
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o fly)<g(y) forally €Y and X = {(y,a) €Y x R| f(y) <a < g(y)},
e X={(y,0) €Y xR| f(y) <a},
e X ={(y,a) eY xR|a<g(y)}

A subset X C R™! is a k-cell if there exist a k-cell Y C R™ and a definable
continuous function f :Y — R such that

X={(y,a) €Y x R| f(y) =a}.

Furthermore, we inductively define X to be analytic if

e X isa 0 or 1-cell, or

e there is such a construction of X using (Y, f, ¢g) with an analytic cell Y and real
analytic functions f,g.

Fact 2.3.9 (Cell decomposition). Let X C R™ be definable. Then there exist pairwise
disjoint cells Ch, ...,Cp, such that X = J~, C;.

The geometric dimension of X is the largest k € N such that X contains a k-cell. The
geometric dimension coincides with the topological dimension. A proof can be found in
[Dri98, Chapter 3].

Fact 2.3.10 (Analytic cell decomposition, [vdDM94]). Suppose R is one of the following:

e a real closed field (R E RCF), or

e the real field with restricted analytic functions (Ray).

Then for every definable set X C R™, there exist pairwise disjoint analytic cells C1, ..., Cy,
such that X =J", C;.

2.3.2 Open core

We study open sets definable in an expansion of a topological structure. Let M be
a topological structure with a basis defined by ¢g(z,y) for each sort S. If M is an
expansion of a dense linear order without endpoints then ¢(z,vy) is given by

Y1 < <yYg.

The open core of M is a relational structure with the same underlying set as M, and
for each open definable set A C S{Vl X ... x SM a predicate belonging to its language.
Boxall and Hieronymi [BHI2] found a criterion for an expansion of M to preserve the
open core under the following assumption:
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e For all sorts 51, ..., Sy, open set U C S{\” X ... X Sﬁ/ﬂ and a € U, the following set has
non-empty interior:
{b|ae By, CU},

where By C S{Vl x ... x SM s defined by ¢g, (x1,b1)N...N @3, (Tn, by) and b = by...by,.

Fact 2.3.11 ([BH12l Corollary 3.1]). Suppose M satisfies the above assumption. Let M*
be an expansion of M by language, and let C' be a set of parameters in M. Assume M*
is sufficiently saturated and strongly homogeneous. Suppose that for all sorts Si, ..., S,
there is a set Dg,. 5, C S{ x ... x SM such that the following conditions hold:
1. Dg,..s, is dense in SM x ... x SM.
2. For every a € Ds, s, and every open U C SM x ... x SM iftpM(a/C) is realized
in U then tp™(a/C) is realized in U N Dg, g, .
3. For every € Dg,. s,, the conjunction of tp™(x/C) and © € Dg, . s, implies
tpM’ (z/C).
Then every open set definable over C' in M* is definable over C' in M.

We now restrict it to an expansion of an o-minimal structure.

Lemma 2.3.12. Let M be an o-minimal structure, let M* be an expansion of M by
language, and let C C M be a set of parameters. Assume that M* is sufficiently saturated
and strongly homogeneous. Suppose that for every n € N there is a set D, C M™ such
that the following conditions hold:

1. D, is dense in M™.
2. For every & € Dy, the conjunction of tp™(x/C) and x € D,, implies tp™" (x/C).
Then every open set definable over C in M* is definable over C' in M.

Proof. The assumption for M is clear. We need to produce Condition [2] of the previous
fact. Let I,, € M™ be the set of del™-independent tuples over C. Note that I,, is dense
and open, and hence D), := D,, N I,, is again dense in M™. Condition [3| trivially holds
for DJ,. Tt suffices to show Condition [2| for D). Let a € D!, and open U C M™. Since a
is del’™-independent, the set X := {xe M" | x Eé" a} is open. Consequently, U N X
is a non-empty open set, and hence intersecting with D). ]

2.4 NIP theories

From the perspective of neostability, all strongly minimal and o-minimal theories belong
to the class of NIP theories, i.e., theories without independence property, and in partic-
ular, they are dp-minimal theories. A standard reference is Simon’s book [Sim15|. Let
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T be a complete theory in language L, and let U be a sufficiently saturated and strongly
homogeneous model of T. The following is an equivalent characterization of NIP: for
every formula, its truth value eventually stabilizes along every indiscernible sequence.

Definition 2.4.1. A partitioned formula ¢(x,y) is NIP (or dependent) if for every
indiscernible sequence (a;);<, and every b C U, there exists n < w such that the truth
value of ¢(a;, b) is constant for all n < i < w.

Definition 2.4.2. A theory T is NIP if all formulas ¢(x,y) are NIP.

Since the independence property implies the order property, every stable theory is
NIP. Other examples of NIP theories include algebraically closed valued fields, the theory
of Qp, and dense pairs of o-minimal structures.

2.4.1 Strong dependence

For types in an NIP theory, we can define a cardinal-valued rank function, called the
dp-rank, which acts as a good analogue of geometric dimension in NIP theories. In this
subsection, we present the definition and some properties of dp-rank, together with the
definition of strong dependence. As a remark, the dp-rank can equivalently be defined
using inp-patterns.

Definition 2.4.3. Let p be a partial type over a set A, and let k be a cardinal. We say
dp-rk(p, A) < & if for every family (I; | ¢ < k) of mutually indiscernible sequences over
A and b E p, there is t < k such that I; is indiscernible over Ab.

For a tuple a, we simply write dp-rk(a/A) for dp-rk(tp(a/A), A).

Fact 2.4.4. dp-rk(p, A) < k if and only if the following holds:
For every family (I | t < k) of mutually indiscernible sequences over A and b E p,
there is t < k such that all members of Iy have the same type over Ab.

Fact 2.4.5 (Additivity). Let U be a monster model and a,b CU. Let A be a small set
and K1,ke be two cardinals such that dp-rk(b/A) < k1 and dp-rk(a/Ab) < k2. Then
dp-rk(ab/A) < k1 + ko — 1.

Fact 2.4.6. A theory T is NIP if and only if for every type p and set A there is some
K such that dp-rk(p, A) < k.

Definition 2.4.7. An NIP theory T is strongly dependent if dp-rk(xz = z,0) < Ro.
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2.4.2 Distality and type decomposition

Among NIP theories, distal theories are often viewed as being opposite in spirit to stable
theories: they contain no stable-like part. A standard example of distal theories is the
theory of dense linear orders, or more generally, any o-minimal theory. Let a C U be a
tuple and let A C U be a small set.

Definition 2.4.8. An NIP theory T is distal if for every a,A and every global A-
invariant type p, if I F p(“’)|Aa then plar F plara-

For a general theory, one can define distal-like types, called compressible types.

Definition 2.4.9. A type tp(a/A) is called compressible if for every ¢(x,y) there exists
((x, z) such that for every finite Ay C A there exists ((x,b) € tp(a/A) satisfying
((x,b) Ftpy(a/Ao).

Compressibility can be described using Morley sequences.

Fact 2.4.10 ([BKS25| Proposition 6.18]). the following are equivalent:

1. The type tp(a/A) is compressible.
2. For every global type q finitely satisfiable in A, if I F q(w)|Aa then qlar - qlAa-
3. For every global type q finitely satisfiable in A, if I £ q¢"“)|aq then qlar F qlara.

By compactness, w in Condition 2 can be replaced by any infinite linear order, but for
Condition 3 we need to assume the order has no first element. The conclusion |47 F ¢|aq
can be equivalently replaced by: for every b F ¢|a; we have tp(a/AI) F tp(a/Ab).

Fact 2.4.11 ([CS15, Theorem 21]). An NIP theory T is distal if and only if every type

over A is compressible for every A.

In [Sim20], Simon showed that, in an NIP theory, every type can be decomposed into
a stable-like part and an order-like part.

Definition 2.4.12. A global partial type 7() is called ind-definable over A if, for every
¢(x,y) the set {b CU | ¢(x,b) € m(x)} is a union of A-definable sets.

Fact 2.4.13 ([Sim20, Lemma 2.4]). A global partial type m(x) is ind-definable over A if
and only if for every n € N the set

X, = {(a,b) | be U”,a ':7T|Ab}
is type-definable over A.

For the remaining of this section, assume T is NIP.
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Definition 2.4.14. A global partial type 7 is called generically stable over A if it is
ind-definable over A and satisfies the following:

Let (a@;)i<w be an indiscernible sequence over A with a; F 7| 4q_, for all i < w. Then
a; = W’Aa# for all ¢ < w.

As a trivial example, any type over A viewed as a partial global type is generically
stable over A. If 7 is a complete global type, then this definition is equivalent to the
usual definition of generic stability.

Definition 2.4.15. Let 7 be a global partial type generically stable over A. We say
tp(a/A) is compressible relative to m if m|4 C tp(a/A) and the following holds:

For every global type ¢ finitely satisfiable in A, if I E ¢\“)| 4q, b E q|a7, and @ E 7| 478
then b E qaq. (Or equivalently, if I £ ¢)|4q and b E g|a7 then tp(a/AI) U |am

tp(a/Ab).)
By definition, if a type is compressible relative to itself then it is compressible.

Fact 2.4.16 ([Sim20, Theorem 4.1]). For every type tp(a/A) there is a global partial
type T generically stable over A such that tp(a/A) is compressible relative to 7.

Our goal is to explicitly find such decomposition in an expansion by language. Let
V be a reduct of U.

Lemma 2.4.17. Let w be a global partial type generically stable over A with m|s C
tp(a/A). Suppose

1. tpv(a/A) is compressible, and
2. tpY(a/B)Un|g F tp(a/B) for every B D A.

Then tp(a/A) is compressible relative to .

Proof. Let g be a global type finitely satisfiable in A, and let I F g |Aas b F q|ar. Since
tpY(a/A) is compressible, we have tpY(a/AI) F tp¥(a/Ab). Hence,

tp(a/AI) Un|am - tpY(a/Ab) U | zp F tp(a/Ab). O

2.5 Torus and exponential

In this section, we introduce useful tools from algebra. We provide the statements and
references of the following: the Conjecture on Intersections with Tori (CIT), the Ax—
Schanuel theorem, the Mordell-Lang property, and the Schanuel Conjecture (SC).

We work in an algebraically closed field of characteristic 0, denoted by K. By the
algebraic n-torus we mean the n-fold Cartesian product of the multiplicative group,
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i.e., (K*)". Every torus has an algebraic group structure induced by the multiplicative
group. The following proposition gives a characterization of their algebraic subgroups.

For every (k x n)-integer matrix M = (m;;), define a map from the n-torus to the
k-torus:

(M (K" — (KX
(X1, .oy Tp) — (Ha;:n“,,Ha:;”’“> .
i=1 i=1

Fact 2.5.1 ([BGO06l Section 3.2]). Every algebraic subgroup A of the n-torus (K*)" is
defined by a system of equations written as follows:

M_q

where x is an n-tuple of variables and M is a (k x n)-integer matriz where k < n.
Moreover, M can be taken to have full rank, and then the dimension of A equals n — k.

For an algebraic subgroup A C (K*)", we often write M4 for a full-rank integer
matrix such that A is defined by equations M4 (x) = 1.

The Conjecture on Intersections with Tori is the torus case of the Zilber—Pink con-
jecture. It predicts that atypical components of intersections are controlled by finitely
many proper algebraic subgroups. It was proposed by Zilber in 2002 [Zil02, Conjecture
1].

Definition 2.5.2. Let B be a smooth algebraic variety, and V, W be subvarieties of B
with V. N W # (. An irreducible component S of the intersection V N W is atypical if

dimS >dimV +dim W — dim B.

Otherwise, if the two sides are equal, then S is a typical component of the intersection.

Let B’ be a smooth subvariety of B containing S. Then, S is atypical with respect to
B’ if

dim S > dimV N B’ +dimW N B’ — dim B'.

Otherwise, S is a typical component with respect to B'.
Conjecture 2.5.3 (CIT). Given an algebraic variety W C K™ defined over Q, there is
a finite collection (W) of proper algebraic subgroups of (K*)", satisfying the following
property:

If S is an atypical component of the intersection of W and a proper algebraic subgroup
A C (K*)™, then S is contained in some B € u(W).
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Yet CIT is still open. For our purpose, the following weaker form is sufficient.

Fact 2.5.4 (Weak CIT, [Kir09, Theorem 4.6]). Given a constructible family (We)eep
in K", i.e., constructible W C K™"t™ and P C K™, there is a finite set u(W) of proper
algebraic subgroups of (K*)™ satisfying the following property:

For every ¢ € P and every proper algebraic subgroup A C (K*)", if S is an atypical
component of the intersection of We and a coset oA, then there exist B € u(W) and a
constant B such that S is contained in SB. Moreover, S is typical with respect to fB.

Weak CIT is a consequence of the so-called uniform Schanuel property, which is
stated in Kirby’s paper [Kir09] in the context of differential fields. The following fact is
its special case for the complex exponential exp : C" — (C*)".

Fact 2.5.5 (Uniform Ax-Schanuel, [Kir09, Theorem 4.3]). Given a constructible family
(Ve)eep in C™ x (C*)™, there is a finite set (V') of proper algebraic subgroups of (C*)™
satisfying the following property:

For every ¢ € P(C) and irreducible analytic variety U C LexpNVe, if dim Ve—dim U <
n, then there exist B € (V') and a constant 8 such that p(U) C 5B, where p is the
projection C™ x (C*)" — (C*)".

The following is the Ax—Schanuel theorem in its original form. It can be deduced
from the above uniform version. We say functions fi,..., fn € C[[z1,...,2,]] are Q-

linearly dependent modulo C if some of their Q-linear combination is in C.

Fact 2.5.6 (Ax—Schanuel, [AXTI]). Let fi,..., fn € Cl[x1, ..., zp]] be Q-linearly indepen-
dent modulo C. Then

trd(f1, ...,fn,efl, ...,ef"/(C) >n+rkJ(f1, ..y fn),

where J(f1,..., fn) = <§3{3>

The Mordell-Lang property plays an important role in describing the intersection of

finite-rank subgroups with algebraic varieties. We are interested in the case of charac-
teristic zero, which is exactly the following theorem proved by Laurent [Lau83].

Fact 2.5.7. LetT be a finite rank subgroup of (K*)™ and let W be a subvariety of (K*)™.
Then there exist a natural number r, elements v1,...,7%r of I', and algebraic subgroups
A1, ..y Ap of (K™, such that v;A; CW and

wnl = U%(Aiﬂl“).
=1

The famous Schanuel conjecture concerns algebraic relations involving the complex

exponential.
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Conjecture 2.5.8 (SC). For all ¢ C C, we have trd(x, e®) > 1d%(x).

In order to obtain a lower bound of the predimension function, we will assume the

following weaker conjecture, called the Schanuel conjecture for K-powers.

Conjecture 2.5.9 (SCy). Let K be a subfield of C of finite transcendence degree. Then
for all x C C, we have

1d5 (@) + trd(e®) —1d%(x) > — trd(K).
The above (SCk) is a consequence of SC. Indeed, if trd(z, e®) > 1d%(x), then:

1d5 (x) + trd(K) + trd(e®) > trd(x/K) + trd(K) + trd(e®)
> trd(x) + trd(e®)
> 1d%(x).

By Bays, Kirby, and Wilkie [BKW10, Theorem 1.3], SCx holds in the following

special case.

Fact 2.5.10. Let K = Q(b) where b C C is an exponentially algebraically independent
tuple. Then for all € C C, we have

1d5 (x) + trd(e®) — 1d%(z) > 0.
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Chapter 3

Hrushovski construction

In this chapter, we introduce the concepts related to Hrushovski’s predimension construc-
tion method. The idea originates from the Fraissé limit, in which one amalgamates a
class of finite structures to obtain a homogeneous structure. In the Hrushovski construc-
tion, we amalgamate along a special type of embeddings, called “strong” embeddings,
where the predimension function is always non-negative. The aim of this chapter is to
establish an axiomatic framework which can be applied in contexts beyond the scope of
this thesis. To achieve this, we will keep the assumptions minimal.

In Section we introduce predimension functions and strong subsets. In Section
we define rich structures and specify conditions for amalgamating structures in a
class. Section is devoted to back-and-forth, existential closedness, and near model
completeness of rich structures. In Section we present two well-studied expansions

of the real field that can be constructed using the predimension method.

3.1 Predimension

In this section, we define the notion of a predimension function preserved by a pregeom-
etry, and deduce basic properties of predimension functions.

Let A be a set and cl be a modular pregeometry on A. Consider a function ¢ :
Phin(A) — Z, where Pg,(A) consists of all finite tuples of A.

Definition 3.1.1. A function ¢ is preserved by cl if for all finite tuples «,y C A with
cl(x) = cl(y) we have é(x) = d(y).

For a function ¢ preserved by cl we may extend its definition to subsets of finite
cl-dimension. Indeed, take §(X) to be d(x) whenever cl(X) = cl(x).

Definition 3.1.2. A function § preserved by cl is a predimension function if for every
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finite dimensional cl-closed X and Y, the submodularity condition holds:
(X UY)+46XNY) <o(X)+46(Y).
From now on, suppose d is a predimension function preserved by cl.
Definition 3.1.3. The localization of 0 at y is the function d(x/y) := d(xy) — 0(y).

Under this definition, submodularity can be equivalently formulated as §(X/Y) <
(X/X NY) for every finite dimensional cl-closed X, Y.

Definition 3.1.4. Let Y be an arbitrary cl-closed subset of A. The localization of § at
Y is the function 6(—/Y) : Pan(A) — Z U {—o0} given by

5(x/Y) :=inf{d(x/Y") | finite dimensional cl-closed Y' satisfying cl(z)NY CY' C Y}.

Let us verify that this definition is legitimate. We need to show the following:
e For every finite dimensional cl-closed Y/, Y such that cl(z) N Y CY' CY" CY,
we have 6(x/Y") < §(z/Y").

By Fact modularity of ¢l implies cl(zx UY’) NY” =Y’ and the desired inequality
is given by submodularity.

If the image of Jy lies in Z, then it is again a predimension function, and for every
x there is y C Y such that §(x/Y) = dé(x/y).

Corollary 3.1.5. If 6(x/Y) = 6(x/y) € Z for some y C Y, then for every cl-closed Y’
satisfying y CY' CY we have §(x/Y) = §(x/Y").

Definition 3.1.6. Let Y C X be cl-closed subsets of A. We say Y is strong in X if
d(x/Y) >0 for every & C X, denoted by ¥V < X.

Lemma 3.1.7. Let Y C X be cl-closed subsets of A. Then Y < X if and only if
zx/cl(x)NY) >0 for every x C X.

Proof. (=) follows from submodularity. For (<), it suffices to show that 6(x/Y’) > 0
for every & C X and every finite dimensional cl-closed Y’ satisfying cl(z)NY CY' C Y.
Let y be a cl-basis of Y’. Then by Fact (x/Y') = §(zy/ cl(xy) NY), which is
non-negative by assumption. O

We collect some basic properties of strong subsets.

Proposition 3.1.8. Let X,Y, Z be cl-closed subsets of A.
1. (Subset) If X CY C Z and X < Z, then X <Y.
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2. (Transitivity) If X <Y and Y < Z, then X < Z.
3. (Union) Let ((X;)ier, <) be a directed set. Then X; < |J;c; Xi for every j € I.
4. (Intersection) If X < Z andY < Z, then X NY < Z.

Proof.

1. Clear.
2. Let 2z C Z and W = cl(z). Then

SW/WNX)=8§W/WNY)+§WnY/WnX) > 0.

3. Let x C |J;c; Xi. Then & € X, for some k € I. There is X; such that X; < X;
and X} < X, which implies 6(x/X;) > 0.

4. By transitivity, it suffices to show X NY <Y. For every y C Y, by submodularity
we have 6(y/X NY) >d(y/X) > 0. O

In the remaining of this section, we discuss the pregeometric structure induced by
a predimension function. The next definition characterizes the situation when a strong
subset Y of X “generates” X.

Definition 3.1.9. Let Y < X. We say X is prealgebraic over Y if for every @ C X
there is ' C X such that §(za’/Y) = 0, denoted by Y <g X.

Lemma 3.1.10. If X <gY <g Z then X <y Z.

Proof. Let z C Z. Since Y <y Z, there is a C Z such that §(za/Y) = 0. Take
y C Y such that d(za/y) = 6(za/Y) = 0. Since X < Y, there is b C Y such that
d(yb/X) = 0. Thus,

d(zayb/X) = 0(za/ybX) + 6(yb/X) = 0. O
Lemma 3.1.11. Let X C Y C Z be cl-closed subsets of A such that X <o Y. Then
X < Z ifand only if Y < Z.

Proof. (<) Transitivity.

(=) Let z C Z. Let Y’ be a finite dimensional cl-closed set satisfying cl(z) NY C
Y’ C Y. There is a finite dimensional cl-closed set Y” such that Y/ C Y” C Y and
5(Y"/X) = 0. Thus,

5(2)Y") > 8(z/ l(Y"X))
S(zUY"/X) —5(Y"/X)
0

Vv

We conclude by definition that d(z/Y") > 0. O
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Definition 3.1.12. Let X C A. The hull of X in A, denoted by [X]4, is the smallest
cl-closed strong subset of A containing X. We omit the subscript A when it is clear from
the context.

Lemma 3.1.13. Suppose § : Pan(A) — Z is bounded below. Then [X] exists for every
X C A. Furthermore, every @ C A can be extended to a finite tuple xy such that

[x] = cl(zy).

Proof. 1f X is finite-dimensional cl-closed, then let S be the collection of every finite-
dimensional cl-closed set Y such that X CY C A, and let

S'={ZeS|i2)= glég&(Y)}

By intersection, S’ contains a smallest element which is [X].
For arbitrary X, we claim that [X] = (J,cx[®]. Indeed, notice that |J,cx[z] < A
and every strong set containing X must contain [x]. O

Corollary 3.1.14. Suppose § is bounded below. Then §([x]) = minyca é(xy).
By definition, for all X CY C A we have [[X]] = [X] and [X] C [Y].

Definition 3.1.15. A predimension function 0 is normal if it satisfies 0 < 0(x) < |x|

for every x C A.

Definition 3.1.16. The dimension function associated to 0 is d : Pgn(A) — N given by

d(x) = 5([x]).

Assume ¢ is normal. Then d is indeed a dimension function on A. Let us verify the
submodularity condition. For every @,y C A, by Corollary [3.1.14] and submodularity of
d, we have

([ Uy]) + o[z Nnyl) < o([z] U y]) + (=] N [y]) < o([=]) + o([y])-

Let Cl denote the pregeometry induced by d. Then

clx) = J{y € Al 6(y/[x]) =0}

In other words, CI1(X) is the largest prealgebraic set over [X].

3.2 Construction

This section is devoted to the framework of the construction, the precise definition of
richness, and the amalgamation process.
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3.2.1 Setup

Let L be a (possibly multi-sorted) language and let C be a class of L-structures. Fix a
relation symbol A € L, and fix a subclass C* of C. The role of C* is to identify small
structures. Assume C is closed under images, i.e., for every A, B € C if A is embedded
into B then the image of A is a structure in C, and if we further assume A € C* then
the image is in C*.

Definition 3.2.1. A pregeometry defined uniformly on AC is a collection cl = {cl?V |
X € C} of pregeometries cl? on A¥ preserved by embeddings, i.e., for every embedding
i: X] — X, between structures in C and every  C A% we have i(clV (z)) = cl*2(i(x)).

A predimension function defined uniformly on AC is a collection § = {§% | X € C}
of predimension functions 6% such that ¢ is preserved by embeddings, i.e., for every
embedding i : X; — X5 between structures in C and every & € A¥ we have 5% (x) =
5% (i(x)).

Fix a modular pregeometry cl defined uniformly on A€ and a predimension function
§ defined uniformly on A€ preserved by cl. Let us omit the superscript and simply write
cl, d for cl¥, 6%.

Definition 3.2.2. Let X', ) be structures in C.

If X is a substructure of ) and A% is strong in AY, then we say ) is a strong
extension of X, denoted by X < ).

An embedding ¢ : X — Y is a strong embedding if 1(X) < ).

In applications, C* is always taken to be the subclass of all finitely <-generated
structures, denoted by Cf™ and defined as follows.

Definition 3.2.3. Let X € C. We say X is finitely <-generated if for every chain
Xp <A <A <L

of structures in C with X = J,__, A; there is k < w such that X = X.

1<w
3.2.2 Richness and amalgamation

The goal is to construct the amalgamation of structures in C*. The amalgamation process
itself does not use the predimension function. One may replace strong embeddings
with any subclass of embeddings that is transitive, for instance, prealgebraic strong

embeddings, and perform the amalgamation.

Definition 3.2.4. A structure U € C is rich if for every X,) € C* and strong em-
beddings f : X — Y, g : X — U, there is a strong embedding h : }J — U such that

hof=g.
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Definition 3.2.5. C has the amalgamation property for strong embeddings (APS) if for
all structures X', ), Z € C and strong embeddings f; : X — Y and fy : X — Z, there
exist W € C and strong embeddings g1 : Y — W, g2 : Z — W, such that g1 0 fi = g20 fa.

fa

X — Z
f1 192
|
Y == » W

Definition 3.2.6. C is an amalgamation class if it is non-empty and satisfies the fol-
lowing conditions:

1. The cardinality of structures in C* is bounded by some cardinal «.

2. C is closed under the union of every <-chain.

3. C has the amalgamation property for strong embeddings.

Lemma 3.2.7. Suppose that C is an amalgamation class. Then C contains a rich struc-

ture.

Proof. Structures in C* have cardinality at most k. Let {a; : X; — V;}i<x be all strong
embeddings within C* up to isomorphisms. Take a cardinal p such that cf(u) > x and
take an arbitrary Ag € C. Construct Ay € C inductively:

e Suppose we already have Aj_1. Let {8;; : X; = Ar_1}; be all possible strong em-
beddings from X; to Ai_1. Endow the tuples (7, j) with the lexicographic ordering.
We define .A,(;’] ) inductively:

_ A0 — A,

— Suppose we already have .A,(f’j -1 Applying APS to embeddings «a; and
Bij, we obtain a structure A,(j’j ) € ¢ and strong embeddings A,(f’j =t
A,(j’j ), Vi — A,(j’j ) agreeing on X;.
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Let A be the union of all .A,(f’j ),
e For limit ordinal k, take Ay = U/ ; Aw-

Verify that A := A, is rich. O
To show a class has APS, we often construct free amalgams of structures.

Definition 3.2.8. A theory T has the free amalgamation property if for every structures
X, Y, Z E T and embeddings f; : X — Y, fo : X — Z, there exist W E T and
embeddings g1 : YV — W, g2 : Z — W, such that

® g10 f1 =g20 fa, and
e g1(Y) and go(Z) are free over g; o f1(X), i.e., g1(Y) J/Zifl(X) 92(2).

Strongly minimal theories and o-minimal theories all have the free amalgamation
property [Pil88, Lemma 1.2].

3.2.3 Localization

Definition 3.2.9. We say C is prime if C* contains a structure Z such that for every
X € C we have T < X. Such 7 is called the initial structure.

Such Z must be finitely <-generated. For an arbitrary class C, we can make it prime
by taking a subclass.

Definition 3.2.10. Let Z € C*. The localization of C at Z is the subclass
Cr:={XeC|ZT<X}

associated with

language L(Z),
a cl-closed subset B <( AZ,

e pregeometry given by the localization of cl at B, and
e predimension function given by the localization of ¢ at B.

Lemma [3.1.11] implies that for all X € C extending Z we have that X € Cz if and
only if 6(z/B) > 0 for all x C AY.

3.3 Rich structures

In this section, we prove several properties of rich structures — back-and-forth, existential
closedness, and near model completeness. We are in the same setting as the previous
section. Further assume that C is an amalgamation class so that it contains a rich
structure, C is prime with the initial structure Z, and C is abundant, defined as follows.
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Definition 3.3.1. We say C is abundant if for every X < A € C and a € A the following
holds:

o If ¥ € C* then thereis Y € C* such thata €¢ Y and ¥ <Yy < A.

As a consequence, for every A € C we have that every finite tuple in A is contained
in a strong substructure B € C* of A.

3.3.1 Back and forth
For Aj, Ay € C, let F(A1,.Az) be the following set of partial isomorphisms:
FALA) ={f: X1 S X% | X< A, X eC ).

Lemma 3.3.2. Let Uy,Us be rich structures in C. Then F(Uy,Usz) forms a back-and-
forth system.

Proof. Let f : X1 = X, be a partial isomorphism in F(Uy,Us). Take an element 2 € S
for some sort S. Let us show that there exists a partial isomorphism g € F(U,Us)
extending f with a € Dom(g).

Since C is abundant, there is ) € C* such that a € S and X; <Y < A. Notice that
f~! gives a strong embedding X5 — ). By richness of Uy, there is a strong embedding
g :Y — Uy such that go f~1 is the inclusion X < Uy. Thus, g : ¥ = g()’) provides a
desired partial isomorphism. ]

Lemma 3.3.3. Let Uy, Us be rich structures in C. If f : X = Xy is a partial iso-
morphism where X1 < Uy, Xo < Us, then f is elementary. In particular, U; and Us are
elementarily equivalent.

Proof. Let a be a tuple in X;. It suffices to show that a is contained in a substructure
Y of X such that f|y is elementary. Indeed, there is Y < X; containing a with ) € C*.
By transitivity, Y <U; and f(Y) < U,. Hence, f|y € F(Ui,Us) is elementary. O

3.3.2 Existential closedness

Definition 3.3.4. A structure A € C is <-ezxistentially closed if given a quantifier-free
L(A)-formula ¢(x), a strong extension B of A, and a tuple b in B such that B F ¢(b),
we can find a in A such that A E ¢(a).

Lemma 3.3.5. Let U be a rich structure in C. Then U is <-existentially closed.

Proof. Let ¢(x) be a quantifier-free formula defined over ¢ C U, let U’ be a strong
extension of U, and let b C U’ such that U’ F ¢(b). There is X < U containing ¢ with
X € C*, and there is Y < U’ containing X and b with ) € C*. Richness of U yields a
strong embedding f : J — U extending X < U. We conclude by U E ¢(f(b)). O
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3.3.3 Near model completeness

Near model completeness is a weaker form of quantifier elimination.

Definition 3.3.6. A theory T is called near model complete if every formula is equiva-
lent, modulo 7', to a Boolean combination of existential formulas.

Let T be the theory of rich structures. We prove near model completeness for T'

under the following additional assumptions.

Proposition 3.3.7. Suppose that for every rich structure A € C the following conditions
hold:

1. The set {6(z) | x C A4} is bounded below.

2. Every k*-saturated model of T is a rich structure, where k bounds the cardinality

of structures in C*.
3. For every X < A with X € C* there exists a C A* such that cl(a) <o AX.

4. For every cl-independent a C A4 with cl(a) < A4, there exists an existential
L-formula 14(x) such that AF 14(a), and

or every rich structure B an - , 1 Ta then <Jd(a).
f h B and b C AB, if BE 74(b) then §(b) <6

Then T is near model complete.

Proof. Let L7 be the expansion of L by predicates for existentially definable sets, and
let T7 be the corresponding theory extending 7. We prove quantifier elimination for 73
by embedding test. Let A, A’ be kT -saturated models of T, and let p C A, p’ C A’ such
that p — p’ generates a partial L7-isomorphism. Our goal is to extend it to a partial
isomorphism in F(A, A").

Since C is abundant, there exists X < A with X € C* and p C X. Condition 3 yields
some cl(a) <y AY. We may assume a to be cl-independent. The quantifier free type
of X over p is witnessed by L7, and hence by saturation, there exist X’ C A’ such that
X — X' is a partial isomorphism extending p — p’. It suffices to show X’ < A’. Let a’
denote the image of a. Since § is preserved by embeddings, we have cl(a’) <o A% ', and
by Lemma we only need to show cl(a’) < A4

Suppose on the contrary that there is ¥ C A4 such that d(a’b’) < d§(a’). By
Lemma we may assume cl(a’b’) < A" and b to be cl-independent over a’. Then
AFE 3z, 7, (ax) and A’ F 74(a’). Thus, there exists b C A% such that

§(ab) < §(a't’) < d(a’) < d(a),

contradicting the fact that cl(a) is strong in A, O
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3.4 Examples

3.4.1 Independent points in the reals

As an introductory example, let us consider (Roring, D), the expansion of the real field
Roring = (R, <,+,-,0,1) by a dense subset D that is algebraically independent. Let us

construct the theory of this structure.
Let C be the class of structures (R, E®) such that R ¥ RCF and E® C R. Let
AR = R, let cl be the trivial pregeometry, and take the following predimension function:

d(a) =trd(a) — laN E|.
Check that ¢ is a predimension function. Consider the following subclass:
Co:={X¥eC|VaCX,a)>0}

which is in fact the same as Cz where 7 is given by the real algebraic numbers with
ET = (. In Cy, being finitely <-generated is equivalent to having finite transcendence
degree. Check that Cj is an amalgamation class, and hence it contains a rich structure.
For every X € Cy and a C E% we have that [a] = a U (rcl(a) N E) and therefore
rcl(a) < X.

Let TEh be the collection of the following axioms for a structure(R, E™?):

1. (Th(C)) R E RCF.

2. (Predimension inequality) E™ is algebraically independent.

3. (Existential closedness) E™ is dense in R.

Axiom 2 says that § is always non-negative, and Axiom 3 captures <-existential
closedness of rich structures. Indeed, one may go through the steps in the following
chapters and prove that rich structures in Cy are exactly w-saturated models of TgiCh.

As a remark, in a rich structure A € Cy, the pregeometry Cl is given by

CI(X) = rl(X U EA).

3.4.2 Independent subgroup of the unit circle

Let us construct the theory of the expansion of Rying by a subgroup G of S I given by:
G = eZTri(X)@ _ {eQTri:v | = <X>Q},

where (X >Q is the Q-span of X C R and e?™*X is a non-empty algebraically independent
set. Axiomatization of such structures has been completed using Mann property [Caul6].

Here we apply the more powerful predimension method.

36



Let C be the class of structures (R, G) such that R F RCF and G* is a torsion-free
divisible subgroup of S™ := {(z,y) € R? | 22 +y? = 1}. Let A = S, let cl be the
divisible hull operator on S, and take the following predimension function:

0(a) =trd(a) — md(cl(a) NG), fora C S

This is a well-defined predimension function preserved by cl. To see that § is submodular,
we observe that trd is submodular and md is modular. Consider the following class:

Co:={X cC|VaCS?, ia)>0},

which equals Cz where Z have real algebraic numbers as its underlying set and GT =
{(1,0)}. Again, finite <-generation in Cy is the same as finite transcendence degree. One
can verify that Cp is an amalgamation class and is abundant.

We need two steps to axiomatize rich structures. First, find a collection of formulas
® such that for every X € C,

X E @ if and only if 6(a) > 0 for all @ C S,

As a result, Cy is axiomatized by Tj := Th(C)U®. Second, capture richness by a formula
1 stating that G is dense in S. One then checks that T3i® = Ty U {1} is a complete
theory of rich structures.

Let us verify that (Roring, 62”<X>Q) is a model of TO“Ch. It is clear that e2™¢X)? is a
torsion-free divisible group dense in S*. To see that §(a) > 0 for all @ C S', note that

2mi X 2mi (X)©

it holds for every a C e , and hence for every a C ¢

The construction of ® is rather technical, and we will see the similar pattern in
Subsection For each irreducible variety V' C C* over Q, let ¢y be the following

sentence.

dim V' < k implies

Y (p1,....pr) €V NGF, \/ pE B,
Bep(V)

where p(V) is obtained from Theorem Take ® to be the collection of all such ¢y.
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Chapter 4

Green points

This chapter presents the construction of green points in the reals developed by the
author in [Zha26], followed by two new results. The first four sections collect the results
from [Zha26]. In Section we further study distality of the constructed theory. In
Section we continue the study of complex green points in [CZ14] by removing the
assumption of SCg for the intended natural structure.

4.1 Construction

Consider a structure (R, G) where R = (R, <,+,+,0,1) is a real closed field, and G is
a predicate on R2. Let us identify R? with the algebraically closed field F' := R(3).
Suppose that G defines a divisible subgroup of F*. Let T be the theory stating that
R E RCF and G is a divisible group with respect to complex multiplication. Let C be

the class of all such structures:
C={(R,G)|(R,G) F 1}

Let A = R? and let cl be the divisible hull on (R?)*. In this chapter, we write rcl(z) or
(x) for the real closure of x C R.

For any finite tuple @ = (a1,...,an) = ((@1,91), ..., (Tn,yn)) of R%, let trd(a) =
trd(z1, Y1, ...y Tn, Yn). Take the following predimension function:

d(a) = trd(a) — md(cl(a) N G).

Since trd is submodular and md is modular, we have that ¢ is a predimension function
preserved by cl. For X C Y € C to be a strong extension, it suffices to check that
§(a/X?) > 0 for all multiplicatively independent @ C GY.
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In order to apply the Hrushovski construction, we need to restrict to a class of
structures where the predimension function is bounded below. Define the following class
of structures:

Co:={(R,G) € C |G is torsion-free and d(a) > 0 for all @ C (R?*)* }.
Recall that an is the class of all finitely <-generated structures in Cy.
Lemma 4.1.1. Let X be a structure in Co. Then G¥ N (Q)? = {(1,0)}.

Proof. Any torsion-free element of (R?)* has multiplicative degree 1. Therefore, if z is
a non-trivial element of G¥ N (Q)?, then §(z) = —1. Contradicting X € Cp. O

Consequently, Cy can also be written as {X € C | Z < X'} where

I=((@),{(1,0)}) e cg™.
For any structures X C ) in Cy and any finite tuple @ in Y2, we have
§(a/X?) = trd(a/X) — md(cl(a) N GY/GY).

Lemma 4.1.2. Let A € Cy and X C A2. Then we have G* N ([X])*> = GAN [X] and
[X] <o ([X])? < A2,

Proof. Because [X] < A, we have trd(a/[X]) > md(a/G* N [X]) for every a C GA. If

a C GAN ([X])?, then md(a/GA N [X]) = 0. The assertion follows. O

Every proper strong extension can be decomposed into a sequence of minimal strong

extensions.

Proposition 4.1.3. Let X < Y € C be a minimal strong extension. Then ezxactly one
of the following holds:

1. (prealgebraic) Y = (X, a) for some cl-basis a of G¥ over G* with §(a/X?) = 0.
2. (purely transcendental) G¥ = G and Y = (X,y) for everyy € Y \ X.

Proof. Since X <)), we have §(Y2/X?2) > 0. There are two cases:
1. 6(Y?/X?) =0.
Take a cl-basis a € (GY)" of GY over G*. Observe that

n=md(a/G") < trd(a/X) < trd(Y/X) = md(G¥/GY) = n.

Therefore, md(a/G%) = trd(a/X) = n.

39



2. 6(Y?/X?%) > 0.
For all a C Y2\ X2 we must have §(a/X?) > 0. Otherwise, X < (X,a) <Y gives
a chain of proper strong extensions. Let y1,...,y, be a transcendence basis of Y
over X. Then we have

3((X,y1)?/X?) =1,
§(a/(X,y1)%) >0, for every a C Y2

Hence, ((X,y1>,G(X7yl>) < Y. We must have Y = (X,y;), otherwise X <
(X,y1) <Y, contradicting minimality. To see G¥ = G¥, notice that

1 =trd(Y/X) > md(GY/G?Y). O

As a result, a structure in Cy is finitely <-generated if and only if it has finite
transcendence degree.

Proposition 4.1.4. Cy contains a rich structure.

Proof. We need to check the three requirements in Definition [3.2.6] The first two are
clear. We show APS for Co. Let (X,GV),(Y,GY),(Z,G?) be structures in Cy with
(X,G?Y) strongly embedded into (),GY) and (Z,G?). Let W be a free amalgam of Y
and Z over X. Identify X,Y, Z with their images in W. Define G = G¥ - GZ. Let us
show that the embedding Z — W is strong. Strongness of Y — W follows similarly.
Let wi,...,w, € G". There exist yi,...,y, € G¥ and z1,...,z, € GZ such that
w; = y; - 2. By freeness, §(w/Z?) = §(y/Z?) = 6(y/X?), which is non-negative because
X — ) is strong. O

By Lemma [3.1.13} for every A € Cy and a C A% we have [a] <¢ ([a])*> < A2. Hence,
Lemma 4.1.5. Cy is prime and abundant. O

By Section rich structures in Cy are back-and-forth equivalent. Let U € Cy be a
rich structure. The following is a by-product of free amalgamation.

Lemma 4.1.6. Let X,) < U be structures in an with X < ). Then there is an infinite
collection of copies (Vi < U)icw such that X < Y;, ¥ =2 Y;, and Uj<iY} \ngl Y; for all
1< Ww.

Proof. We inductively construct a chain Wy < W; < ... < U and strong substructures
(Vi < Wiicw-

e Wy =Yp:=).
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e Suppose we already have W, 1 < U. Free amalgamation yields an amalgam W/
of W,—1 and ) over X, and strong embeddings f, : Wy—1 = W), gn : Y — W),
satisfying f,(Wpn—1) \LE? gn(Y). Richness of U implies that there is a strong
embedding h,, : W/, — U extending W,,_1 < U. Take W, := h,(W)) and Y, :=
hn(9n(Y))- O

Lemma 4.1.7. Let Y, Z < U be structures in Cg“. Denote X =Y NZ. If X <)Y is
minimal prealgebraic, then' Y \ngl Z.

Proof. By transitivity, X <Y <U. Let a € (G¥)" be a cl-basis of G¥ over G* such
that trd(a/X) =n and Y = (X, a). Since md is modular, we have

trd(a/Z) > md(a/G?) = md(a/GY) = n. O

For a rich structure U € Cy, the dimension function d : P(U?) — Z associated to § is

given by

d(x) = min{trd(xz) — md(cl(zz) N GY) | z C U?}
= min{trd(zy) — md(y) | y € GY}.

The last equality is obtained by taking y to be a cl-basis of cl(xz) N GY. We can extend
the domain of d to P(U) by defining

d(x) := min{trd(zy) — md(y) | y € GY}, for each & C U.

Recall that Cl denotes the pregeometry induced by d. Let A < U and t € U. Then
t € U\ Cl(4) if and only if

trd(a,t/A) > md(a/G), for all a C GY.

4.2 Axiomatization

In this section, we axiomatize the theory of rich structures in Cy, which consists of Tj
and EC. As a remark, the arguments presented in this section extend to rich structures
in the localized class Cp for finitely G-based B € C defined as follows.

Definition 4.2.1. A structure B € C is said to be finitely G-based if G® has a finite
cl-basis b and B = rcl(b).

Let TgCh denote the union of the theory of Cg and EC. It gives a complete theory
of rich structures in Cg. The axioms for Cg can be found in |[Zha26, Lemma 6.4], which
leads to the following first-order characterization for CI.
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Fact 4.2.2 (|Zha26|, Proposition 6.6]). There is a partial type ¥(zx) over b such that for
every t € R, we have that t satisfies ¥ if and only if

Va e G", trd(a,t/b) —md(a/b) > 0.

4.2.1 Axiomatizing C,

In this subsection, we give the axiomatization of Cy using Fact (weak CIT).
Consider a point @ = ((x1,%1), ..., (Tn, yn)) € R?™. Denote

a:=x+iy = (1 + iy, ..., Tn +iy,) € F".

Then trd(a) = trd(aa®). We hope to infer the algebraic locus of @ and a“ from that of
a.

Let V C R?". After identifying R? with the algebraically closed field F, we can view
V as a subset of F™. Let V denote the Zariski closure of V in F™ and let V to be the
Zariski closure of V' x V¢ in F?".

If V C R?" is an irreducible variety, then V and V are also irreducible. Furthermore,
if (z1,Y1, ..., T, Yn) is a generic point of V', then (z + iy) and (x + iy, — iy) are also
generic points of Vand V respectively.

For each irreducible variety V' C R?" over Q, by Fact applied to XA/, we obtain a

~

finite collection u(V') of proper algebraic subgroups. Let ¢y be the following sentence:

V(T1,Y1, s Tny Yn) € VN G™,
dim (‘7(% +iy,—)) =dimV —dimV — \/ z+iyeB.
Beu(V)

Let ® consist of all ¢y for irreducible V' C R?" over Q with dimension dim(V) < n,
and let Ty be the union of T and .

Lemma 4.2.3. For every (R,G) € C,
(R,G) E ® if and only if 5(a) > 0 for all a C R

Proof. (=) It suffices to show that d(a) > 0 for all multiplicatively independent a € G™.
Suppose on the contrary that there exists multiplicatively independent @ € G" with
trd(a) < n. Let V. C R?" be the algebraic locus of @ over Q. Then dim(V) = trd(a) < n.
Since (a,a®) and @ are generic points of V and V respectively, the following equality
holds:

dimV — dim V = trd(@a®) — trd(a@) = trd(a@°/a) = dim(V (@, —)).

Then ¢y states that a must be multiplicatively dependent. Contradiction.
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(<) Let V C R?" be an irreducible variety over Q with dim(V) < n. Suppose
a = (21,Y1, .., Tn, Yn) belongs to V N G" and V(@,—) has dimension dimV — dim V.
Since @° is a point in V (@, —), we have trd(a°/a) < dim V — dim V. Thus,

trd(a) = trd(aa®) < trd(@) + dim V — dim V.
Because of our assumption é(a) > 0, we know
md(a) = md(a) < trd(a) < dim(V) < n.

Thus, a is multiplicatively dependent. Let A be an algebraic subgroup containing a
with dim(A) = md(a). Let S be an irreducible component of V' N A containing @. The
following calculation indicates that S is atypical:

dim S > trda > dimV + trda — dimV > dim V + dim A — n.

By Fact there is B € ,u(r/) and a constant « such that for every w € S, we have
wMB = ~. Since S is defined over Q, the constant v must be algebraic over Q. Moreover,
a C @ implies v C G. By Lemma [£.1.1] v = 1. O

Corollary 4.2.4. Tj axiomatizes the class Cyp.

4.2.2 Axiomatizing richness

Let R = (R,<,+,-,0,1) be a real closed field, and let F' = R? be the corresponding
algebraically closed field.
For a (k x n)-integer matrix M = (m;;), define the following map:

(_)M . R2n (: Fn) N (Fk :) R2k
n n
(xlvyla "'7xn7yn) — H Lj +2y] H Ly +Zy]
j=1 j=1
Definition 4.2.5. A semialgebraic set V C R?" is rotund if dim(VM) > k for every

M € ZF*" of rank k.

Take a tuple @ € R*® and a parameter set X C R. Let V C R?" be the algebraic
locus of @ over X. Then V is rotund if and only if

trd(a™ /X) > k for every M € Z"*™ of rank k.

Proposition 4.2.6. Let X C Y be structures in Cp such that Y = (X, a), where a €
(G is a cl-basis of GY over G¥. Let V' be the algebraic locus of a over X. Then V
is rotund if and only if X < Y.
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Proof. (=) For every b C GY, there is some M € Z**" of rank k satisfying
G* - cl(b) = G - cl(a™).
Since a is multiplicatively independent over G, we have
md(a™/GY) = k.
Rotundity of V' implies
5(b/X) =6(aM/Xx) = trd(a™/X) — k> 0.
(<) For every M of rank k, we have that
trd(a™/X) > md(a/GY) = k. O

Definition 4.2.7. A rotund block is a rotund semialgebraic set V C R?" that is also a
semialgebraically connected analytic manifold of dimension n.

Rotundity is a definable property for a family of algebraic sets. The proof uses Fact
and can be found in [Zha26l, Lemma 4.7].

Fact 4.2.8. Let V (21, Y1, s Tn, Yni t1, -os tm) C RZVT™ be an algebraic set (defined over
the empty set). There is a formula Oy (t) such that for all R F RCF and ¢ € R™ we
have

Ve is irreducible and rotund if and only if R E Oy (c).

Corollary 4.2.9. Let W(x1,Y1, .., Tn, Yn; W1, ..., wk) be a semialgebraic set (defined over
the empty set). Let @I{/V(w,t) be the conjunction of the following formulas:

o V; is irreducible and rotund, i.e., Oy (t).
o Wy, is a semialgebraically connected analytic manifold.
e Wy C Vi A\ dimW,, = dim Vs = n.

Then for all R £ RCF and b € RF, we have

Wy is a rotund block if and only if R £ Y/ (b, c) for some Vo C R?".
Existence of rotund blocks is given by [Zha26, Proposition 4.10]:

Fact 4.2.10. For every parameter set X, there is a rotund block V. C R defined over
X such that

o dim(V) = 2n,
o dim(VM) > k, for every M € ZF*?" of rank k € [1,2n),
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e the projection onto its first coordinate has image R.
We use the following property to capture <-existential closedness of rich structures.

Definition 4.2.11. A structure (R,G) € C has the EC-property if for every rotund
block V' C R?", the intersection V N G™ is non-empty.

Let EC be the set of first-order sentences expressing the EC-property. Define the
theory TgiCh as the union of Ty and EC. We are ready to prove Theorem m

Lemma 4.2.12. If (R, G) is rich in Cy, then (R,G) has the EC-property.

Proof. Let V be a rotund block over R. Let R be an extension of R containing a generic
point @ = (ay, ..., a,) € (R?)" of V. We pick a sequence of compatible roots of ay, for each
k =1,...,n. More precisely, let (GE])izl be a sequence of points in R2 such that aLl] = ay,
and (aE'ﬂ)j = aLﬂ for all 3,7 > 1. Let R’ be the real closed field generated by Ra and
let G’ be the group generated by G U (al?);>1. Rotundity implies (R, G) < (R',G"). By

<-existential closedness, we conclude that (R,G) F 3z, x € VN G". O

Lemma 4.2.13. Let U be an w-saturated model of TéiCh. Then U is a rich structure in
Co.

Proof. Let X < ) in an be a minimal strong extension. Assume that X is strongly
embedded into U. For simplicity, let us further assume that X C U. We need to show
that )Y is strongly embedded into &. We write qf-tp for the quantifier-free type. By
Proposition [£.1.3] there are two cases.

1. 6(¥/x) =0.

Let b € (GY)" be a cl-basis of GY over G* such that trd(b/X) =n and Y = (X, b).
Let (b[i])izl be a sequence in G¥ consisting of compatible roots of b. In other words,
bl = b and (b"7)7 = bl for all 4,5 > 1.

Claim. qf-tp(bM /X) is realized in U for every N > 1.

Proof. By w-saturation, it suffices to show that qf—tp(b[N ]/X ) is finitely satisfiable.
Let p be a finite subset of qf-tp(bN1/X). Since trd(b¥!/X) = n, by analytic cell
decomposition, there exists an analytic n-cell V' C R?" defined over X, such that
w(T1, Y1, ey Tn, Yn) can be deduced from (z1,y1, ..., Tn,yn) € VN G™. By definition,
analytic cells are connected analytic manifolds. Since X < ), by Proposition [£.2.6] V'
is rotund. The EC-property then implies that V' N (G¥)" contains an element, which
is a realization of p in U. |

Claim. qf-tp((b!);>1/X) is realized in U.
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Proof. Tt suffices to show that qf-tp((bl!);<,,/X) is realized in U for every m > 1.
Let N = [[ i. Let @ be a realization of qf-tp(b™N /X) in U. For every i < m, define
all = a™/'. Then (all);<,, satisfies qf-tp((bl1);<,,/X). [ |

Let (all);>1 C U? be a realization of qf-tp((b);>1/X). The map (b);>1 — (all);>
gives an embedding from Y to U fixing X. Identify ) with its image. Let us show
that Y < U.

For every w C GY, we have
d(w/Y)=06(wb/X)—06(Y/X) =dwb/X) > 0.
The last inequality follows from X < U.

L o(Y/x) =1.
Let y € Y \ X. Let U(t) be the partial type over X stating that:

e ¢ realizes qf-tp(y/X), and
e VacG", trd(a,t/X) — md(a/G¥) > 0.

Proposition shows that the second line is type-definable.

Claim. VU is realized in U.

Proof. Tt suffices to show that W is finitely satisfiable. Fix N € N. Let (t) be the
following partial type.

(a) ¢1 <t < cg, for some c1,c2 € X, and
(b) for all n < 2N, Va € G", trd(a,t/X) — md(a/G¥) > 0.

By Fact |4.2.10] there is a rotund block
V(Zb ceey ZQN) = V(xh Y1, .-y L2N, yQN) C R4N
with a generic point b = (p1,q1, ..., PN, g2n) over X such that

e p; is transcendental over X,
® ] < p < cy, and
o trd(b™/X) > k, for every M € ZF*?N of rank k € [1,2N).

Define X’ by
X'=(X,b),
G¥ =ag¥. L,
where L is a divisible torsion-free subgroup of ((X’)2)* generated by b. By Propo-

sition we have X < X’ € Cfi". Notice that trd(b/X) = md(b/G¥) = 2N, i.e.,
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d(X'/X) = 0. Case (1)) implies that X" is strongly embedded into ¢. Identify X’ with
its image in U.

Let us show that & F 1(p1). Clearly, (a) holds. For (b), take any a € (GY)" with
n < 2N. Observe that trd(a,p;/X) = trd(a/X,p1) + 1. Also, G¥P) = G¥. 1t
suffices to show the following:

§(a/(X,p1)) = trd(a/X,p1) — md(a/G¥) > 0.
Take a cl-basis a’ of cl(a) N GY over G¥. It follows from submodularity that
(S(XJ]I)(G//G,/) Z 5<X7p1>(a/b) = 5(&/2(’) Z 0.

Claim. §(a’/(X,p1)) = trd(a’/X,p1) — md(a’/G*) > 0.

Proof. Suppose a’ is non-empty. Then there exists a matrix M € ZF*2N of rank

k, where 1 < k < 2N, such that cl(G*,a’) = cl(G¥,bM). Since dim(VM) > k, we
obtain
trd(a’, p1/X) > trd(a’/X) = trd(®™ /X) > k = md(a’/G?),

and hence, trd(a’/X, p;) = trd(a’, p1/X) — 1 > md(a’/G¥). [ |
Combining the two inequalities, we get

0(a/(X,p1)) = 0(xp)(a/a’) +6(a'/{X,p1)) = 0. u

Let 3/ € U be a realization of ¥. The map y — %’ induces an embedding from ) to
U fixing X. Clearly, ((X,9),GY) <U. O

Lemma 4.2.14. FEvery rich structure in Cy is w-saturated.

Proof. Let Uy be a rich structure in Cy. Take an w-saturated model Us of Tgieh. Lemma
implies Us is rich. Applying Lemma[3:3.2] we have that 4, is also w-saturated. [

Theorem 4.2.15. Rich structures in Cy are evactly w-saturated models of TN, O

4.3 Model

In this section, we present a concrete model of the theory of rich structures. Let
(Roring, G) be the expansion of the real ordered field by a subset

G =BT = [T cR? |t e R, s € Q},

where @@ C R is a non-trivial finite dimensional Q-vector space, and € = 1 + ¢ for some
£ € R*. We verify the two components of TgCh, which are Tz and EC.
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Fact 4.3.1 ([Zha26, Lemma 8.1]). Assume SCx (Conjecture[2.5.9) holds for K = Q(fi).
Then for all a = ((pl,ql), e (pn,qn)) C R?, we have

§(a) = trd(a) — md(cl(a) N G) > —31d%(Q) — trd(K).

Corollary 4.3.2. Assume SCk holds for K = Q(fi). Then there is b C G such that b
is multiplicatively independent and 6(a/b) > 0 for all a C R?.

With b in the above corollary, let B C (Roring, G) with underlying set (Q,b). We
observe that (Roring, G) F T5.

Let us prove the EC-property for (Roring, G), i.e., every rotund block intersects G™.
Let V C R?" be a rotund block defined over ¢ C R. Denote

X ={(t,s) e R™ | etTe c V}.

It suffices to show that X N(R" x Q") is non-empty. Let 7 : R?® — R™ be the projection
onto the last n coordinates. We prove that 7(X) contains an open subset of R".

Define the following function:

f: R'xR" — R*

(t,s) +—— etts

Recall Ry defined in Example 2.3.7 By taking open subsets of X,V, we may assume
that f|x is a homeomorphism definable in Ry. Our key observation is the following.

Lemma 4.3.3. For every generic point (t*,s*) € X, the fiber Xg« has dimension 0.

Proof. Suppose on the contrary that dim Xg« > 0. Since t* is generic, we have that X«
contains an analytic curve through t*, which can be parametrized by t(z) : (=1,1) — R”
with ¢(0) = t*. Consequently,

et@) " c V for all 2 € (—1,1).

Since t(z) is real-analytic and non-constant, it can be expressed by (¢1,...,t,) C R[[z]]
with rk J(t1,...,tn) > 0.

In order to apply Fact we need a QQ-linearly independent set modulo C. Define
ti(x) = ti(x) — t;(0), ie, ti(x) = ti(x) + tf. To simplify our notation, let us assume
that the first k& terms of ¢},...,t}, provide a Q-basis. Since t,...,t,, € zR[[z]], the set
{th, ...t} 1B, ..., ipt,} is Q-linearly independent modulo C. By Fact

trd (), ..., ty, 18ty ..., 1Bt e, et el Bt /C) > 2k, (4.1)

48



On the other hand, we also have the following relations:
trd(t',i8t' /C) = trd(t'/C) < k,

trd(et’, Pt /C) = trd (Re(eft+s*), Tm(et+e") /c) ,
where Re(—) and Im(—) denote the real and imaginary parts.
Claim. trd (Re(et**"), Im(e*+")/C) < k.
Proof. There is a matrix M € Z"=kF)*" of full rank such that t' € ker(M). Indeed, for

each j < n — k, we have that t;H_j = ayt] + ... + ag;t), for some a;; € Q. Let A be the

algebraic subgroup defined by z™ = 1. Because V is rotund, dim(V™) > n — k. Since

et" 5" is a generic point of V, the dimension of its fiber satisfies:

k=n—(n-k)
> dim(V) — dim(VM)
= dim (V N (eet*Jrs*A))
> trd (Re(e€t+s*), Im(66t+3*)/(C) [ |
In conclusion, we have the following inequality, contradicting (4.1)):

trd(t, Bt et , &Pt /C) < trd('/C) + trd (Re(eetﬁ*), Tm(et+s") /@) <2%. O

Since generic fibers have dimension 0, by fiber dimension, we have that 7(X) has

dimension n. We arrive at the conclusion.

Proposition 4.3.4. The set V. N G" is non-empty. Hence, (Roring, G) has the EC-
property.

Proof. Since Q™ is dense in R", it must intersect w(X’). Take an element (t,s) €
X'N(R™ x Q™). Then et¢ € V N G™. O

4.4 Tameness

In this section, we collect some properties of the constructed theory TgiCh, including near
model completeness, o-minimal open core, and strong dependence.

We give a formula satisfying Condition 4 of Proposition [3.3.

Lemma 4.4.1 ([Zha26, Lemma 7.3]). Let X be a model of TE'", let ¢y, ..., ¢, be multi-
plicatively independent in G¥, and let V C R®" be the algebraic locus of (c1y ..., Cn) over
Q. Define 1e(z) = 1e(x1, Y1, .-y Tn, Yn) as the conjunction of the following formulas:
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1. (T1,Y1, o, Tny Yn) € VNG,
2. dim(V(z + iy, —)) = dim V — dim V/,
3. /\Beu(\/})(l‘l’yl"“’l‘”’yn) ¢ B.

Then Te meets the requirement of Proposition[3.3.7.

Proof. The idea is similar to the proof of Lemma [£.2.3] First, observe that ¢ satisfies
Te. Also,
d(c) = trd(c) — md(c) = dim(V) — n.
Suppose Y E TE! and b C Y2 such that Y F 7.(b). By of 7¢, we have

~ o~

trd(b/b) < dim(V (b, —)) = dim V — dim V. (4.2)

Claim. §(b) < dim(V) — n.
Proof. Suppose on the contrary that the following holds.
trd(b) — md(b) > dim(V) —n (4.3)
Then the following inequality shows that bis multiplicatively dependent:
md(b) = md(b) < trd(b) — dim(V) +n < n.

Let B be an algebraic subgroup containing b with dim(B) = md(b). Let S be an
irreducible component of V N B containing b. Combining (4.2) and (4.3)), we have that
S is atypical:

dim S > trdb > dim V + trdb — dim V > dim V + dim B — n.

By Fact m and Lemma there is B € (V) such that b € B, contradicting
of 7c. |

Therefore, §(b) < d(c). We conclude that 7. satisfies the desired property. O
Other three conditions are clear. By Proposition |3.3.
Lemma 4.4.2. Tgi"h s near model complete. O

To study open definable sets, we apply Boxall and Hieronymi’s criterion (Lemma
2.3.12). In our context, M* = (M,G) is a rich structure in Cp, and M is a real
closed field. Let ¢ be a tuple of parameters. By Lemma [3.1.13] extend ¢ such that
((c), G'®)) < M*. Let D,, be the following set:

D, ={xeM"|Va C G, trd(az/c) —md(a/G'9) >n}.

In other words, D,, consists of all n-tuples Cl-independent over (c).
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Lemma 4.4.3. The set D,, is dense in M™.

Proof. Let uy,v1,...,Un, v, € M be such that U = (u1,v1) X ... X (un,vy). Let ¢ be a
tuple containing ¢ and all u;,v;’s such that ((¢/), G¢)) < M*. There exist a structure
AeCit and ay, ...,a, € A such that:

e A=(c a1,...,a,),

e trd(ay,...,an/c) =n,

o GA =G and

e a; € (uj,v;) foralli=1,... n.
Since M* is rich, there is a strong embedding ¢ : A — M* extending (¢’) < M*. Then
t(ay),...,t(a,) are Cl-independent over (¢’), and therefore,

(t(ar), ..., t(ay)) € Dy. O

Lemma 4.4.4. Let x,y € D,, be such that x EE{CF y. Then there is a partial isomor-
phism
f:X1 S Xo, where Xy < M*, X; € an,

fixing ¢ and sending x to y.
Proof. We observe that, because @,y € D,,,
Glo = qlex) — qley)

Therefore, the map f : (cx) — (cy) fixing ¢ and sending & to y is a partial isomorphism.
Let X} and Xy be the substructures with underlying sets (cx) and (cy) respectively.
Observe that X; < M*, X; € Ci", and hence f € F(M*, M*). O

As a result, for an element in D,,, its RCF-type determines a complete type in M*.
By Lemma [2.3.12] we conclude that M* defines no new open set.

Proposition 4.4.5. Let U be a model of Tgi':h. Then every open set definable in U is
semzialgebraic. 0

The last property we showed in [Zha26] is strong dependence. Fix a sufficiently
saturated and strongly homogeneous model U F T, 510}1. We first give a characterization
of the definable closure operator.

Proposition 4.4.6. The definable closure operator in U is given by dcl(A) = ([A]) for
every small A C U.
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Proof. 1t suffices to show dcl(z) = ([x]) for every & C U. Let X denote the substructure
with underlying set ([z]). It is clear that X <U.

(Q) : Take a € U \ X. Then there is some Y <U with a € Y. Lemma implies
that a cannot be definable.

(2) : By Fact there is y C GY such that [x] = cl(y). It suffices to show that
y € dcl(x). Every automorphism fixing @ fixes [x], and hence y has at most countably
many conjugates over x. If y ¢ acl(x) and U is k-saturated, then y has at least x many
conjugates. Therefore, we must have y € acl(x) = dcl(x). O

Lemma 4.4.7. Let XY < U be structures in an such that X < ) is minimal pre-
algebraic and trd(Y/X) = n. Let ((£])icw)j<n+1 be a family of mutually indiscernible

sequences over X such that X < Zf <U and Zij e an for each i < w,j <n+1. Then
there is j < n+ 1 such that (Z])i<. have the same type over Y.

Proof. Compare Y N Z‘Z-j and X. There are two cases:

1. YNZ2 X forsome t <w,u<n+1.
Let )’ denote the substructure with underlying set Y N Z{. As an intersection of
strong subsets, )’ <U. Since X < ) is minimal, we have Y C Y’. By definition, an
indiscernible sequence (Zf )i<w With j # w is indiscernible over Z}* and hence over ).
2. YNZ =X forall 4,7.
Lemma implies Y ngl Zij for all 7,5. In real closed fields, dp-rank equals
transcendence degree. Therefore, there is j < n+ 1 such that the types tpRCF(ZZ-J /Y)

are the same for all i < w. Let Z; denote the substructure with underlying set
(YU Z]). Since X <o Y, we have

md(GZ/GZ) < rd(Z/20) = trd(Y/X) = md(G¥ /G¥) = md(G¥ /GZ).

Therefore, GZ = GY - GZ and Zg <o Z[, resulting in Z/ < U. By back-and-forth,
the types tp(Z]/Y') are the same for all i < w. O

Proposition 4.4.8. Let X <U be a structure in Ci». Then dp-rk(b/X) < Rg for every
beU.

Proof. Let ((I)i<w)j<w be a family of mutually indiscernible sequences over X. By
Lemma let Zij be the strong substructure with underlying set ([ X f ]). Proposition
implies del(X I Z] ) = ([XI ZJ ]). Thus, ((Zf )i<w)j<w is also mutually indiscernible over
X. Again by Lemma let ) be the strong substructure with underlying set ([Xb]).
There are two cases for the type of b and the type of X < )
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1. b € CI(X) and X < ) prealgebraic.
Let X = Yy < V1 < ... <Y, = Y be a chain of minimal prealgebraic exten-
sions. Lemma implies dp-rk(Yi+1/Y;) < trd(Y;41/Y:) + 1. Fact implies
dp-rk(Y/X) < trd(Y/X) + 1.

2. b ¢ Cl(X) and X <Y purely transcendental.
In this case, Y = (Xb) and G¥ = G*. If Zg U {b} is strong in U for all i, j, then
by the dp-rank of RCF, there is j < w such that tpRCF(Zij/Y) are the same for all
i < w, and the back-and-forth system implies tp(Zij /Y') are the same for all i < w.

Suppose there is some ¢, u such that Z}* U {b} is not strong in U. Then )’ := ([Z}'b])
must be prealgebraic over Z{. Now ( (ZZJ )i<w)j+u is mutually indiscernible over Z}'.
Apply Lemma substituting X, ) with Z}*, )’ to acquire some j # u such that
(Zf)Kw have the same type over Y. O

Corollary 4.4.9. TgiCh 18 strongly dependent.

4.5 Distality and type decomposition

In this section, we show that TgiCh is not distal, and give explicit decomposition of types.
Fix a sufficiently saturated and strongly homogeneous model U E TgiCh. Let A be a
dcl-closed small set in U, i.e., A = ([4]), the underlying set of a strong substructure

A<U.
Lemma 4.5.1. The theory TgiCh is not distal.

Proof. Let p(x) be the global type stating that x is Cl-independent over U and x > u for
every u € U. By Lemma p is complete. Let a F p|a, which implies a € U \ C1(A).
We have a purely transcendental minimal extension A < (A,a) < U. Let I E p®)|4,.
Then I U {a} is Cl-independent over A. Let us find b € U satisfying p|4; but not

satisfying p|arq.
Consider the prealgebraic extension (A, I, a) < B given by:
e B:=(A,1,a,b) where b >t for every t € (A, I,a), and
e GB := GA. L where L is a divisible torsion-free subgroup of (B?)* generated by
point (a, b).

By saturation, such B is realized in &. Observe that b is Cl-independent over A U I but
b is not Cl-independent over AU I U {a}, because (a,b) € G. O

We see from the proof that purely transcendental extensions prevent the theory from
being distal. In fact, the type of every prealgebraic extension is compressible.
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Lemma 4.5.2. Let A <o B <U, and let b be a cl-basis of GB over GA. Then tp(b/A)
s compressible.

Proof. Note that Proposition implies B = (A,b) and 6(b/A%) = 0. We apply
Lemma with m = tp(b/A). Because RCF is distal, the type tpR“¥(b/A) is com-
pressible. Let A C C. We need to show that tpR¥(b/C) U tp(b/A) - tp(b/C).

We may assume that C = dcl(C) = ([C]). Then C <y (C,b) < U. Let b E
tpRCF(b/C) U tp(b/A). The type tp(b/A) says there is a sequence of compatible roots
of b that lies in G. Therefore, the partial map f : (C,b) — (C,b’) preserves G, and
hence f is a partial isomorphism. Also, C <o (C,b') < Y. Lemma implies f is
elementary. O

For each M < U, let DT/LV‘ be the set of n-tuples Cl-independent over M, i.e.,
DM .= {x e U" |VYa C G, trd(azz/M) — md(a/G™) > n}.

For the type of a purely transcendental extension, we show that it is compressible relative
to DY.

Lemma 4.5.3. There is a global partial type 7 ind-definable over () such that w|rq defines
DM for every M < U.

Proof. We give a partial type 7 satisfying the condition in Fact For each m € N,
consider the set X, of all (x,y) C U™"™ such that
L {(y1,92), -, (Y2r—1,92x)} € G is cl-independent for some integer k < 7,
2. VYa C G, trd(a/y1, ..., Ym) — md(a/(y1,92), -, (Y2k—1, Yy2x)) > 0, and
3. Va C G, trd(axz/y1, ..., ym) — md(a/(y1,y2), -, (Y2k—1,Y2k)) = n.
2

The first two lines state that (y1,y2), ..., (Y2k—1, Yor) is a cl-basis of GN (y)2 and (y)~ is
strong. By Fact the set X, is type-definable over A. Now for each m € N, let
7|y (x) be the partial type stating that (x,y) € X,,. To see that 7| defines DI, let b
be a cl-basis of G™ and let ¢ be a transcendence basis of M. Then 7|pe defines DM. [

Lemma 4.5.4. The type m is generically stable over ().

Proof. Let (a;)i<., be an indiscernible sequence with a; F m|q_, for all i < w. Then by
induction we have that (a;)i<. is a Cl-independent set, and hence a; is Cl-independent

over a;, ie, a; F 7T|a;£i‘ -

Lemma 4.5.5. Let a € D;}. Then tp(a/A) is compressible relative to .
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Proof. Again use Lemma [2.4.171 We check the second condition. Let A C B. We may
assume B = ([B]). Let a/ =B a satisfy a’ F 7|p, which is equivalent to a’ € DE. By
Lemma we have that a’ =g a. O

Since every strong extension can be decomposed into a purely transcendental exten-
sion and a prealgebraic extension, we obtain a decomposition of every type in TgiCh.

4.6 Complex green points without Schanuel

In this section, we directly show that the complex field with dense logarithmic spirals
is a rich structure, without assuming SCx. We implement an investigation of complex
green points similar to [BK18| and [GK24]. In [BK18], Bays and Kirby showed that if
the complex exponential field satisfies exponential-algebraic closedness then it is a rich
structure, while in [GK24], Gallinaro and Kirby showed that the complex raising to
powers is a rich structure, both without assuming SCg. An important consequence of
richness in these examples is quasiminimality.

In our case, the real field is not saturated, so (Roring, eERJrQ) cannot be a rich structure
in the usual way. Instead, we consider its reduct to the complex field: (Cying, 66R+Q).
Recall that Q C R is a countable Q-vector subspace, and € = 14 3¢ for some 8 € R*. We
prove that (Cring, eERJFQ) satisfies the countable closure property, answering a question
in Caycedo’s [Cay11]. This work is based on the analysis of green points construction in
[CZ14].

4.6.1 Setup

Consider structures (F,G) where F' is an algebraically closed field and G is a divisible
subgroup of F*. Let C denote the collection of all such structures. The predimension
function is given by:

d(x) := 2trd(x) — md(cl(x) N G),

where cl(x) is the divisible hull of . In this section, we write (x) for the field-theoretic
algebraic closure of .
Fix a structure B € C. Define

Cs={AeC|B<A}
CY .= {A€Cs|VYaC A\ B, §(a/B) > 0}.

In other words, A € Cg is in C§ if and only if B is Cl-closed in A.

Fact 4.6.1. Both Cg and Cg are prime and abundant amalgamation classes.
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Fact 4.6.2. Let B < A be minimal. We have the following cases:
o (prealgebraic) §(A/B) = 0. Then A = (B, a) for some cl-basis a of G* over GB
with 6(a/B) = 0.
e (green generic) 6(A/B) = 1. Then A = (B,a) for some a € G*\ GB such that
GA is cl-generated by a over GB.

e (white generic) §(A/B) = 2. Then G* = G® and A = (B, a) for everya € A\ B.

4.6.2 Prealgebraic richness

We call a variety V C F™ rotund if for every M of rank k < n,
k
dim(VM) > 3

If we further have dim(V) > g for every M then V is called strongly rotund. We

say A € C satisfies the EC-property if for every rotund variety V' of dimension 3, the

intersection V N G™ is Zariski dense in V.

Definition 4.6.3. A is G-algebraic if G generates A as an algebraically closed field.

Proposition 4.6.4. Suppose A satisfies the EC-property. Then A is G-algebraic.

Proof. Take a € A. Since V(z +y+ a) is a rotund variety, there are z’,y’ € G such that

+y +a=0. O
For the remaining of this subsection, the class Cg can be replaced by Cj.

Definition 4.6.5. A € Cg is prealgebraically rich if for every X <o ) € an and every
strong embedding X — A where X is G-algebraic, we have a strong embedding ) — A
over X.

Lemma 4.6.6. A structure A € Cg is rich if and only if

1. A is G-algebraic,

2. A is prealgebraically rich,

3. GA has infinite d-dimension.
Proof. (=) is clear. We show (<=). Let X <Y € Ci* and X < A. We may assume that
X is G-algebraic by taking a finitely generated G-algebraic X’ with X < X’ < A, and
then replace ) by ), the free amalgamation of X’ ) over X. There are three cases:

1. X <Y prealgebraic, then follow from prealgebraic richness.

2. X <Y green generic, then map a to an element in G4\ C1(X).

3. X <Y white generic, then let z € GA\ C1(X) and y € GA\ CI(X U{z}), and map
atozr+y. O
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4.6.3 Countable closure property

Definition 4.6.7. A € Cp is said to have the countable closure property (CCP) if C1(X)
is countable for every countable X C A.

Proposition 4.6.8. Let A be a rich structure in Cg or Cj with CCP. Then every
definable subset of G is countable or cocountable in GA.

Proof. For any a C A, every element in G\ Cl(a) have the same type (green generic)
over a. If a definable set X C G over a is not a subset of Cl(a), then it contains
GA\ Cl(a). O

By [Kirl0], there are only countably many counterexamples to the Schanuel con-
jecture. In particular, there is a countable By C C such that § localized at By is non-

negative.
Lemma 4.6.9. (Cying, e®?Q) € Ci, has CCP.

Proof. Let X C C be countable such that X = (X) and By < X < C. Then CI(X)
consists of all points algebraic over some a € G such that

e a is cl-independent over G%, and

e the locus of @ over X is §-dimensional rotund.
Let V C C" be any §-dimensional rotund variety. Recall the function f(t,s) = etts in

Lemma 4.3.3

Claim. For each s C @ the set V N f(R™ x {s}) is locally finite around generic points
of V.

Proof. Suppose on the contrary that VN f(R™ x {s}) is not locally finite around a generic
point t* of V. Then V N f(R™ x {s}) contains an analytic curve through ¢*. Following
the argument of Lemma we obtain a contradiction to Fact [ |

Therefore, there are only countably many points of VNG that are generic in V' over
X. Since there are countably many varieties over X, there are countably many such
a’s. O

As a consequence, in the structure (C,e®+®) the dimension d(G) is uncountably
infinite, for G = e®+€ is uncountable.

4.6.4 Generic EC-property

In this final part, we use Lemmam to prove that (Cring, eERJrQ) is rich in Cg for some
B. Take B to be the substructure of (Cying, e @) with underlying set Cl(By). Since
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B contains all prealgebraic extensions over By, we have (Ciing, e€R+Q) € C;Sr. Conditions
1 and 3 in Lemma are clear. The goal now is to prove prealgebraic richness. Let

AecCy.

Definition 4.6.10. A strongly rotund pair (a, W) over B consists of a € (G4)* with
md(a/GP) = k and a rotund %-dimensional variety W C F™ over (Ba) such that, for
any generic ¢ € W over (Ba), the locus of ac over B is strongly rotund.

Definition 4.6.11. A has the generic EC-property if for every strongly rotund pair
(@, W) there is b € W N G4 satisfying md(b/GBa) = n.

Definition 4.6.12. Let K be a subfield of F'. A subvariety V of (F*)" over K is called
Kummer generic over K if [m]~!(V) is irreducible over K for all m € N+, where [m] is
the map

(FX)’IL N (FX)’I"L

(@1, o) = (2o 0).

If the locus of a over K is Kummer generic, then all points in [m] !(a) have the
same ACF-type over K.

Lemma 4.6.13. A is prealgebraically rich if and only if it has the generic EC-property.

Proof. (=) Let (a,W) be a strongly rotund pair. After replacing a by [a], we may
assume D = (Ba) < A. Let D; be the expansion of D by a generic b € W over D, and
let GP1 be cl-generated by GP and b. Because the locus of ab over B is strongly rotund,
we have that Dy € Cg. Since D <g Dy, there is a strong embedding D; — A over D.
Take the image of b in A.

(<) Let D < A be G-algebraic and finitely generated over B. Take a cl-basis a of GP
over GB. Hence, D = (Ba). Let D <y, D; and D; € Cg. Take a Kummer generic basis
b of GP' over GP and let n = |b|. Existence of a Kummer generic basis is guaranteed
by [BZ11, Theorem 2.3]. Let W be the locus of b over D. Generic EC-property implies
there is b € W N G4 satisfying md(b'/GPa) = n. It is generic in W because D < A.
By Kummer generic, the map b +— b’ induces an embedding D; — A, which is strong
because D <y D;. O

Lemma 4.6.14. Let F' be an algebraically closed field. For every strongly rotund variety
V C F™ there is a proper subvariety V' of V' such that, for every proper algebraic subgroup
S C(F)" andx € V\V', let X denote the irreducible component of VNaxS containing
x, we have

2(dimV —dim X) > n —dim S.
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Proof. By applying Fact to V, we obtain a finite set u(V') = {Ay, ..., A, } of proper
algebraic subgroups, given by the kernel of matrices My, ..., M,,. By fiber dimension, for
each ¢ there is a proper subvariety V/ of V' such that, for all x € V'\ V/,

dim(V NzA;) = dimV — dim VM,

Take V' = |J;—, V/. Let S be a proper algebraic subgroup and let € V' \ V'. There are
two cases of X, the irreducible component of V N xS containing x:

e X is typical, i.e.,
dim X =dimV + dim .S — n.

Then,
2(dimV —dim X) =2n —2dimS > n — dim S.

e X is atypical. Then X C xA; for some ¢, and
dim X =dim(V NnzA;) + dim(S N A4;) — dim A;.
On the other hand, since V' is strongly rotund,
dim(V NxA;) = dimV — dim Vi
<dimV — %(n — dim A;).
Thus,
2(dimV —dim X) > n+dim 4; —2dim(S N A4;)
>n—dim§S. O
Lemma 4.6.15. If A has the EC-property, then it has the generic EC-property.

Proof. Let (a,W) be a strongly rotund pair with k& = |a|. By taking a = [a], we may
assume D := (Ba) < A. Let ¢ € A" be generic in W over D. Let V C A**" be the
locus of ac over B, which is strongly rotund, and

trd(a/B) = trd(ac/B) — trd(¢/Ba) = dim V — dim W. (4.4)

Let V° = V\ V' and W° = W\ V. Since W° is nonempty and open in W, the
EC-property yields some b € W° N G4, and hence ab € V°.

Let us show that b is cl-independent over GP. It suffices to show that ab is cl-
independent over GB. Suppose on the contrary that, (ab)M C GB for some proper
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subgroup S = ker(M) with dim S = md(ab/G?). Let X be the irreducible component
of ab in V N (ab) - S, which is a variety over B. We have

§(b/D) = 2trd(b/D) — md(b/GP)
= 2(trd(ab/B) — trd(a/B)) — md(ab/G?) + md(a/G®)

<2dim X —2dimV 4+ 2dim W — dim S + k by (4.4)
=2(dimX —dimV) —dimS+k+n
<0,

contradicting D < A. O

Proposition 4.6.16. (Cying, eX1?) is a rich structure in C**(B).

Proof. By [CZ14], the structure (Cying, e®+?) has the EC-property, and hence it is
prealgebraically rich. We conclude by Lemma [4.6.6] O
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Chapter 5
Raising to powers

This chapter develops a second Hrushovski construction, introduced in this thesis, for
expansions of real closed fields by power functions on the unit circle. Section is
devoted to the setup and the basic properties of the construction. In Section[5.2] we find
the axioms stating that the predimension function is non-negative, thus axiomatizing
the class Cz. In Section we study the axioms for the Kronecker property. Section
is devoted to strong pairs, objects that characterize strong embeddings. Section
is devoted to the complete axiomatization of rich structures. In Section we examine
the open definable sets in a rich structure. In Section we prove that R¥ is a model

of the theory of rich structures.

5.1 Construction

Let K be a finitely generated subfield of R properly extending Q.

Definition 5.1.1. A K-powered field is a tuple (V, R,ex) containing:
e a K-vector space V,
e a real closed field R,
e its induced algebraically closed field F := R(i), identified with R
its unit circle S = {(x,y) € R? | 22 + y* = 1} as a subgroup of (R?)*,

e a surjective group homomorphism ex : V' — S whose kernel kex is a Z-group, i.e.,

an elementary extension of (Z, +).

Let C be the class of all K-powered fields.
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Recall that the stereographic projection gives a definable homeomorphism:

pst 1 S\{(1,0)} — R
Yy
1—z

(z,y) —

Let (X >K denote the K-vector space generated by X C V, let (X)™ denote the real
closure generated by X C R, let (X ) denote the algebraic closure generated by X C R?,
and let (X)® := (X)*NS. For every X C S we have (X)* N R = (pg(X))™, so we will
write (X)' with no ambiguity.

Definition 5.1.2. Let A be a K-powered field, and let X C VA. The K-powered field
generated by X in A, denoted by (X >f’4c, is the smallest substructure of A containing
X Ukex? that is also a K -powered field.

Lemma 5.1.3. B = (X)" is obtained by iterating (N and ex 1 ({ex(+))®).
Proof. Define (V,,, R,,) inductively:
o Vi = (X Ukex™"
o Ry = (ex(Vp))™.
o S, = (ex(V))¥ = (R,)2N S,
o Vipr = (ex 1(8))".
Note that in order to make ex surjective, V,, 41 must contain some preimage of S,. If
it contains one preimage of each element of S,,, then it contains all preimages because

it contains the kernel. Take VB = (J,_ Vi and RP = |J,_, R;. Verify that ex® is
surjective. O

As a consequence, for A C B € C with kex* = kexB® and X C V4, the K-powered
field generated by X in A is the same as in B. We may omit the subscript if it is clear
from the context.

To prepare for the Hrushovski construction, we take A to be the sort V. Let cl be
the Q-linear span on V and define the following predimension function:

5(x) = 1d¥ () + trd(ex(x)) — 1d%(x),

for finite tuple @ C V. Then § is a predimension function preserved by cl. Indeed,
submodularity follows from the fact that both 1d% and trd are submodular, and 1d9 is
modular.

Observe that 1d%(z/ kex) = md(ex(z)) and localizing ¢ is the same as localizing each

components, i.e.,

(y/X) =1d" (y/X) + trd(ex(y)/ ex(X)) — 1d%(y/X).
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The lemma below shows that, to test the strongness of an extension of a K-powered
field, we only need to test its generating set.

Lemma 5.1.4. Let A € C, and let X be a strong Q-subspace of VA such that (X)) = A
Then VA is prealgebraic over X .

Proof. In the proof of Lemma we have the following prealgebraic chain:
X <o V1 <pex 1(S1) <o Vo <g ex 1(S2) <o ...
because either 1d® or trd vanishes. Lemma yields X <q VA, O
Combining with Lemma we have the following.

Corollary 5.1.5. Let A C B €C, and let X < VA such that (X)’%' =A. Then A<B
if and only if X < VB,

Given a covering map from a Q-vector space to a unit circle, we can always extend it
to a K-powered field, without changing the kernel. This is the main tool for constructing
K-powered fields.

Proposition 5.1.6. Let V{ be a K-vector space, let Vy be a Q-subspace of V{j, let Ry be a
real closed field, let Sy be its unit circle, and let exg : Vo — So be a group homomorphism
such that (Vo)™ = Vg, (exo(V))® = So, and ker(exq) is a Z-group. Then there is a
structure A = (VA RA, exA) € C extending (V], Ro, exq) such that Vo < VA, ker(ex?) =
ker(exq), and (Vo) = A.

Proof. First note that since ker(exg) is a Z-group, we have Tor(Sy) C exo(Vp). Therefore,
the map ex will be surjective as long as its image contains a set whose divisible hull is
SA,

Inductively construct Ry, Sy, V,,V, and ex, : V,, = Sy, ex), : V! = S, 1 such that

e S, is the unit circle of R2,

K

o (Vi) =V and (ex,(V3,))° = Sn,

e ex/ extends ex, and ex,;; extends ex),,

e V, is strong in V! and V, is strong in V;, 41,

e ker(ex,) = ker(ex],) = ker(exp).

1. We first extend exq to a homomorphism ex(, : Vj — Sy for some extension S; C R?

of So € RZ. We want V; to be strong, i.e.,

5(a/Vo) = 145 (2/Vo) + trd(ex(@)/ ex(Vo)) — 1d%(/Vp) > 0,
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for all @ C V. Take a Q-basis {a; | i € Ip} of V over Vp. Since <VO>K = Vg,
the image {ex(a;)}icr, need to be algebraically independent over (ex(Vp))® = So.
There is a type p((vi)ier,) stating that (y;)icr, is contained in S and is algebraically
independent over Sy. Let R; be the real closed field generated by Ry and a real-
ization of p, and let ex, send a;’s to the realization. Since the Q-basis of Vjj over
Vo are sent to an algebraically independent set, we have ker(exq) = ker(exy).

2. Suppose we already have ex),_; : V! _; — S,,. The goal is to construct a surjective

/

homomorphism ex,, : V,, = 5,, extending ex;, ,,

where V,, is a Q-subspace of some
K-vector space V/ satisfying (V,,)" = V. Take a multiplicative basis {b; | i € J,,}
of Sy, over ex(V,!_;). Since <eX(V7271)>S = Sy, if some a;’s are mapped to b;’s, then
a;’s must be K-independent over V,_,, (otherwise, V,_; could not be strong).
There is a type q((2;)ie,) stating that (z;);c, are K-independent over V! ;. Let
V! be the K-vector space generated by V,/_; and a realization (a;);e, of ¢, let V,
be the Q-subspace generated by V! _; and (a;)ie,, and let ex, send a;’s to b;’s.

Since b;’s are multiplicatively independent, we have ker(ex],_;) = ker(ex,,).

3. Go back to step 1 substituting (Vp, Ro, exq) with (V},, Ry, ex,).

Take VA=, _ Vo, R* =, _., Rn, ex* =, __ exp. O

n<w n<w n<w

Plugging in Vj = K, Vp = Q, Ry = Q™, and

incl.

exg: Q brok., Q/Z = Tor(S1) 25 Sy = Q*n St
we obtain our first K-powered field.
Lemma 5.1.7. The class C is non-empty. O

Similarly, given a strong set in a K-powered field, we can always find a strong K-
powered subfield containing it preserving the kernel.

Lemma 5.1.8. Let A € C, and let X be a strong Q-subspace of VA containing Z. There
is a K -powered subfield B < A such that B = (X)% and kex® = X Nkex™.

Proof. We construct strong subspaces V,, and V! similar to the previous lemma. Let
W =X.
1. Let V! = (V;,)". Since V,, < VA, we have V,, <o V! < V4 and V) Nkex* =
Vi, NkexA.
2. Let S, = (ex(VA_l))S. Take a multiplicative basis {b; | i € I} of S,, over ex(V,!_,).
For each i, take an element a; in ex '(b;). Let V,, = (V! _,, (a:)icr, ). Then again

V! ) <o Vp < VA and V,, Nkex™ = V/_; Nkex™.
Take VB =J __ Vi, SB=J,_., Sn, R5 = (SB)™. =

n<w n<w
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5.1.1 Localization

Fix a K-powered field 7 with kex? = Z, and suppose Z is generated by a finite-
dimensional strong Q-subspace B. We may take B to be Q-independent from kex”.
Let b be a Q-basis of B, i.e., B = <b>Q. Consider the localization of C at Z:

CIZ{AGC’ISA},

with predimension function dp. Let C/ consist of all K-powered fields extending Z, i.e.,
Cr ={AeC|ZC A} Clearly, C) can be axiomatized by a set of axioms T7. For

each A € C%, Corollary m gives that Z < A if and only if B < VA, which is further
characterized by the following lemma.

Lemma 5.1.9. Let A € C;. Then b is Q-independent from kex?, and we have T < A
if and only if the following conditions hold:

1. 1d%¥(x/b) = 1d%(a/b) = 1d°%(x) for all x C kex?,

2. 8(x/bUkexA) >0 for all x C VA,
Proof. Indeed, <b)Q N kex? = <b>Q Nkex? = 0, i.e., b is Q-independent from kex™.

Condition 1 is equivalent to (b)Y < <bUkeXA>Q, and Condition 2 is equivalent to
A\Q A -
(bUkex™)” < V. The conclusion follows from Lemma |3.1.11 O

5.1.2 Finite generation and minimal extensions

In this subsection, we define explicitly what it means for a K-powered field to be finitely
generated. By examining minimal strong extensions in Cz, we will see that this definition

coincides with the notion of finite <-generation.

Definition 5.1.10. A K-powered field A is finitely generated if ldQ(kexA) is finite and
A = (z)¥f for some finite & C V4.

Proposition 5.1.11. Let A < B € C be a minimal strong extension. Then exactly one
of the following holds:
1. (kernel) 1d°%(kex® /VA) = 1 and B = (VA
2. (prealgebraic) kex? = kex® and B = (VA,a>%C for some Q-independent tuple
a C VB over VA with §(a/VA4) = 0.
3. (purely transcendental) kex™* = kexB, (VA, x}Q < VB, and B= (VA, x)%c for every
e VB\ VA

Proof.
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1. Suppose kex? # kexB. Corollary m gives A < (VA < B. Since A < B is
minimal, it must be that B = (VA5 Take b € kex® \VA. Since VA <o (VA, b>Q,
we have X = <V’4,b>Q < VB. By Lemma m, there is a K-powered subfield
C < B such that C = (X){° and kex® = X Nkex®. Minimality gives B = C and
hence 1d% (kex? /V4) = 1d%(b/VA) = 1.

2. Suppose kex* = kex® and there is a Q-independent tuple a C VB over VA with
5(a/VA) = 0. Since VA < <VA,a>Q < VB, we have A < (VA4 a)y < B.
Minimality implies B = (V4 a) .

3. Suppose kex? = kex® and every Q-independent tuple y C VB over VA gives
5(y/VA) > 0. Let x € VB\ VA, Then

1d5 (z/VA) = trd(ex(z)/R?) = 1d%(z/VA) = 1.

Hence, 6(y/(VA, x>Q) = §(y,2/VA) = 8(x/VA) > 0 for every Q-independent tuple
y C VB over VA. In other words, <V‘A,JZ>Q < VB. Corollary implies A <
(VA z)y < B and minimality implies B = (VA4, 2)5’. O

Lemma 5.1.12. A K-powered field A € Cz is finitely generated if and only if it is finitely
<-generated.

Proof. (=) follows from the classification of minimal strong extensions.

(<) If there is no & € V4 such that A = (x)"C, then we can construct an infi-
nite proper <-chain in A by applying Lemma and Lemma repeatedly. If
1dQ(keXA) is infinite, then we can construct a chain with infinitely growing kex. O

Recall that an denotes the finitely <-generated structures in Cz, which are finitely
generated K-powered fields strongly extending Z. Note that every finitely generated
K-powered field has cardinality Ng.

5.1.3 Rich structures

In this subsection, we show that Cz contains a rich structure, and establish basic prop-

erties of rich structures in Cz.
Lemma 5.1.13. Cz has the amalgamation property for strong embeddings.

Proof. Given {A; = (V;, Rj,ex;) € Cz | i = 0,1,2} and strong embeddings f; : Ay —
A, fa 1 Ag — Az, we construct their free amalgam (not unique) A; ® 4, Az as follows:

Let V1 ®y, Vo and R; ®p, R2 be free amalgams of K-vector spaces and real closed
fields, and let ex : Vi 4+ Vo — S - S92 be the group homomorphism extending ex; :
Vi — Sy, exg @ Vo — Sy, To see that ker(ex) is again a Z-group, one may verify the
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axioms in [NS90]. Applying Proposition to (Vi @y, Va, R1 ®R, Ra2,ex), we obtain
a K-powered field A3 generated by Vi + Vo with Vi + Vi < V43, To show ¢g; (A1) < As
and go(Ag) < As, it suffices to show that V4 and Vs are strong in Vi + V5. We show
Vi < Vi + V,. For every  C V5,

§(x/V1) =15 (x/V1) + trd(ex(x)/Ry) — 1d%(z/ V1)
=145 (x/Vp) + trd(ex(z) /Ro) — 1d%(x/Vp) by freeness
= d0(x/Vo)
> 0. 0

Proposition 5.1.14. Cz contains a rich structure.

Proof. We prove that Cz is an amalgamation class (recall Definition |3.2.6)). Conditions
1 and 2 are clear, and Condition 3 follows from the previous lemma. O

Lemma 5.1.15. C7 is prime and abundant. Therefore, rich structures in Cz are back-

and-forth equivalent and <-existentially closed.

Proof. Recall Section Clearly, Z is an initial structure. To see that Cz is abundant,
let X < A€ Cr with X = (b))l € C%n and let @ € VA, Apply Lemma to find a
tuple ¢ C V4 such that (a, b, c>Q < VA. By applying Lemma to (a,b,c, keXX>Q
we obtain a desired Y € C%n with X <Y < Aand a e VY. O

5.2 Predimension inequality

This subsection is devoted to first-order characterization of 4. One can find such a
characterization for the complex case in Zilber’s paper [Zill5], by which some of our
argument is inspired. The goal is to express the two conditions in Lemma

Let A = (V, R,ex) € C; be a K-powered field extending Z = (b)) and let F = R
Take a K-basis b’ of b, and denote k = |b/|. First, note that Condition 1 is equivalent
to 1d% (x/b') = 1d%(z/b') for all & C kex™.

For each K-linear subspace D C V"™ let qﬁlgx be the following sentence:

Va € kex"* xb' € D — b’ € Dy,

where Dg is defined in Corollary Let ®k°* consist of all ¢¥* with dim(D) < n.

Lemma 5.2.1. For every A € C7,

A E 5 if and only if ldK(ab’) = ldQ(ab’) for all a C kex™.
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Proof. (=) Suppose on the contrary that there is a € kex"* such that ab’ is Q-
independent but K-dependent. Then ab’ lies in some K-linear subspace D of dimension
< n. The sentence ¢5* implies ab’ € Dg, and hence 1d9%(ab’) < dim(Dg) < n. Contra-
diction.

(<) Let a € kex" % such that ab’ € D for some K-linear subspace D of dimension
| < n. We show ab’ € Dg by induction on [. The case [ = 0 is trivial. Take a Q-linear
subspace D’ containing ab’ with dim(D’) = 1d%(ab’) = 1d¥ (ab’) < I. If D' C D then we
are done. If D" ¢ D, then dim(D'ND) < [, and we conclude by induction hypothesis. [

This finishes the first condition in Lemma [5.1.9] To express the second condition,

we need to study intersections of varieties with algebraic subgroups of (F*)".

Lemma 5.2.2. The map ex™ : V™" — S™ induces a bijection between Q-linear subspaces

of V™ and irreducible algebraic subgroups of (F*)" intersecting S™.

Proof. Follows from the bijection between primitive subgroups of Z™ and linear tori in
(F)m. O

To better illustrate the idea, we first present a characterization assuming CIT. Later,
we will replace CIT with weak CIT.

Fix d € Z. Let W C F™ be a variety over Q. Assuming CIT (Conjecture ,
we obtain a finite collection p/(W) of proper algebraic subgroups. Let D C V"™ be a
K-linear subspace defined by Mp € K™ ™. Let ¢/, be the following sentence:

Ve e V™, (MD:;; C (kex) A\ ex(z) € W> — \/ (@ eB
Bew (W)
Let ®/, consist of all ¢/, satisfying dim D + dim W < n + d.
Lemma 5.2.3. Assume CIT (Conjecture m For every A € C,
AE @, if and only if §(a/ kex) > d for all a C V4.

Proof. (=) It suffices to show §(a/ kex) > d for all Q-independent a € V" over kex. Sup-
pose on the contrary that there exists Q-independent a € V" over kex with 1d* (a/ kex)+
trd(ex(a)) < n+ d. Let D C V" be a K-linear subspace such that Mpax C (kex)™ and
1d%(a/kex) = dim D. Let W C F™ be the algebraic locus of ex(a) over Q. Because
dim D + dim W = 1d* (a/ kex) + trd(ex(a)) < n + d, the formula ¢/, states that ex(a)
must be multiplicatively dependent. Contradiction.

(<) Let D C V" be a K-linear subspace and W C F™ be a variety over Q with
dim D + dim W < n + d. Suppose Mpa C (kex)™ and ex(a) € W. Then,

1d%(a/ kex) < 1d¥ (a/ kex) + trd(ex(a)) — d < dim D 4+ dim W — d < n.
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Thus, ex(a) is multiplicatively dependent. Let A be an algebraic subgroup containing
ex(a) with dim A = md(ex(a)). Let P be an irreducible component of W N A containing
ex(a). The following calculation indicates that P is atypical:

dim P > trd(ex(a))
> md(ex(a)) — 1d% (a/ kex) + d
>dimA—-dimD+d
>dim A+ dim W —n.

By CIT, there is B € u(V') such that P C B. O

We now replace CIT with weak CIT. For each variety W C F™ over Q(ex(b)), weak
CIT (Fact gives (W) = {Bjy, ..., Bs}, where each B; is defined by a full-rank
integer matrix M;. Let D C V™ be a K-linear subspace defined by full-rank matrix
Mp e K™*" and let (M;D)g be defined by full-rank matrix Ny, i.e., (M;D)g = ker N;.
Thus, dim(M;D)g = rk M; — 1k N;. By Fact applied to (WMi)Ni and ex((b)?), we
obtain 73, {Vi1,...s Vi }» and {A4; 1, ..., Air, }. Let ¢pw be the following sentence:

Ve e V", (MDac C(bu keX>K/\ex(a:) € W)

— \/ \/ (dim(AiJ) < rk(Nl) /\eX(NiMiw) € ’Yi,jAL]') :

i=15=1
Let ®7 consist of all ¢py satisfying dim D 4+ dim W < n.
Lemma 5.2.4. For every A € C7,
A E O if and only if 5(a/bUkex) > 0 for all a C VA,

Proof. (=) It suffices to show d(a/b U kex) > 0 for all Q-independent a € V"™ over
b U kex. Suppose on the contrary that there exists Q-independent a € V" over b U kex
with 1d% (a/b U kex) + trd(ex(a)/ ex(b)) < n. Let D C V™ be a K-linear subspace such
that Mpx C (bUkex)™ and 1d¥(a/bUkex) = dim D. Let W C F" be the algebraic

locus of ex(a) over Q(ex(b)). Because
dim D + dim W = 1d® (a/b U kex) + trd(ex(a)/ ex(b)) < n,

the formula ¢py states that ex(a) must be multiplicatively dependent over ex(b). Con-
tradiction.

(<) Let D C V™ be a K-linear subspace and W C F" be a variety over Q(ex(b))
with dim D + dim W < n. Suppose Mpa C (bUkex)™ and ex(a) € W. Then,

1d%(a/b U kex) < 1d¥ (a/b U kex) + trd(ex(a)/ ex(b)) < dim D + dim W < n.
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Take a coset A of an algebraic subgroup A such that ex(a) € ad, o C ex((b)?), and

dim(A) = md(ex(a)/ ex(b)). Let P be an irreducible component of W N oA containing
ex(a). The following calculation indicates that P is atypical:
dim P > trd(ex(a)/ ex(b))
> md(ex(a)/ ex(b)) — 1d¥ (a/b U kex)
> dim A — dim D
>dim A + dim W — n.

By weak CIT (Fact , there is B; € u(V) and ~ such that i =~ for all x € P,
and in particular, ex(M;a) = ~. Since 7 is defined by W and «A, it must be algebraic
over Q(b), i.e., trd(y/b) = 0. As a consequence, 6(M;a/bUkex) = 0. Let A, B} C V"
denote the Q-linear subspaces defined by M 4, M; respectively. We have

dim(M; A’ 0 M; D) >1d" (M;a/b U kex) = md(ex(M;a)/b) = dim AMi = dim M; A’.

Therefore, M; A’ N M;D = M;A’, which is contained in (M;D)q. Hence, N;M; A" = 0,
and
ex(Niblia) € ((@4)")™ = {(o")V} € ex(B)%).
It suffices to show dim(W™Mi)Ni < rk(N;).
Fact says that P is typical with respect to ex(a) - B;, i.e.,
dim P = dim(W Nex(a) - B;) + dim(ex(a)(AN B;)) — dim(ex(a) - B;)
= dim W — dim Wi 4 dim(A’ N B}) — dim B,.
Also, §(M;a/b U kex) = 0 implies d(a/M;a U bUkex) = d(a/bUkex) > 0. Thus,
dim P + dim(D N BY)
> trd(ex(a)/ ex(b)) +1d¥ (a/M;a U b U kex)
>1d%a/M;a U b U kex)
=1d%a/b Ukex) — 1d®(M;a/b U kex)
=dim A" — dim(M; A)
=dim(A4’ N B)).
Combining these two,
0 < dim W — dim Wi 4 dim(D N B!) — dim B!
= dim W + dim D — dim W — dim M;D — n + rk M;
<tk N; + dim(M;D)g — dim Wi — dim M; D
<rk N; — dim WM,
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We conclude that
dim(WMH)Ni < dim Wi < 1tk N;. O
Let T7 be the conjunction of 77, dkex and d7.

Corollary 5.2.5. The class Cz is axiomatized by 1.

Following the same proof, we obtain the following proposition, which provides first-

order characterization for purely transcendental strong extensions.

Proposition 5.2.6. Let A be a K-powered field and let <c>Q < VA where ¢ is Q-
independent. There is a partial type V(x) over ¢ such that for every t € VA, we have
that A= U(t) if and only if §(x,t/c Ukex) > 0 for all x C VA.

Proof. The desired property is equivalent to the conjunction of the following:
o 1d%(t/c Ukex) = trd(ex(t)/ ex(c)) = 1d9(t/c U kex) = 1,
e §(z/t,c,kex) >0 for all £ C VA,

The second can be stated by an axiom scheme similar to ®7 with b replaced by tc. [

5.3 Kronecker property

We isolate a set of axioms describing Kronecker’s theorem:

Fact 5.3.1 (Fact . Let ay, ...,an € R such that (1,a4,...,a,) is Q-linearly indepen-
dent. Let p be the following map:
R — (R/Z)"
x — ([arz], ..., [anz])
Then p(N) is dense in (R/Z)™.
For all rq,...,1m, € K, let f, be the following map:

V— §7

x +— (ex(r1z), ...,ex(rpx)).

Let KR be the set of axioms stating that, for each ry, ..., 7, € K such that (1,r1,...,7,)
is Q-independent, we have f,(kex) is dense in S™. Observe that KR ensures fr(k - kex)
being dense in S™ for all such r and k € Nyg.

Let A, B be K-powered fields, let VOA,VOB be K-subspaces of VA, VB respectively,
and let ¢ : Vi* — VB be a K-linear isomorphism such that ex(Vy') =RCF ex(VP), i.e.,
the map ex(Vi!) — ex(VB) induces an isomorphism as real closed fields. Let us identify
V' with VB and simply write V5. Assume A satisfies KR and is |Vp|-saturated.
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Lemma 5.3.2. Tuke a Q-basis (r;)je; of K over Q. Lety € kex®\Vy such that
{ex(rjy)}jes is algebraically independent over ex(Vp). Then there is x € kex*\Vy such

that

K _RCF

ex (z) =ex(Vo) €X ()

Proof. Let p(t) be the type over Vj stating that

1. t € kex,

2. t and y belong to the same coset of k - kex for all k£ € Ny,

3. ex((rjt)jer) Eg(%b;o) ex((rjy)jer)-
Because ex(r;y) e is algebraically independent over ex(Vy), every finite segment of p(t)
says fr(t) lies in an open subset of S™ for some ry, ..., r,, which is realized in A by KR.

Let 2 € kex”? be a realization of p. Since ex(riz) ¢ ex(Vp), we have = ¢ Vy. By 2,
we have ex(%) = ex({) for all £ € N, and the desired isomorphism follows from 3. [

The following lemma states that partial isomorphisms of strong subsets can be ex-
tended to its K-span by adding a kernel element.

Lemma 5.3.3. Let ¢ € (VA)", y € (VB)" be K-independent tuples over Vi such

that <:1:,V0>Q < VA and <y,V0>Q < VB. If the map x — vy induces an isomorphism

ex(x) Eg{((}‘F/O) ex(y), then there is @' = = + z for some z C kex”™ such that (&', V)? <

VA, & is K-independent over Vi, and ex (z') Eg(c(‘F/O) ex (y)~.

Proof. Let h = (h; : V" — V)jes be a set of K-linear maps such that {x,h(x)} is
a Q-basis of (). Strongness implies that ex(hj(x))jes is algebraically independent
over ex(xz U Vp), and the same for y. Let R’ F RCF be an extension of (ex (x, VO>Q>rC
containing (s;);ecs such that

ex(), (s))jer Zhty) eX(v)s ex(hy(y))jer.
Let p((t;)i<n) be the type over & UV} stating the follows:

1. t C kex,
2. t is Q-independent over (x, VO)Q.

—RCF Sj
3. eX(hj(t))jGJ “ex(xzUVp) (ex(hjj(a:)))jej.
It is clear by KR that p(t) is satisfiable in A. Let z C kex* be a realization of p. Thus,
ex(a, h(a) = ex(a, h(x + 2)) =R, ex(y. h(y).
Since (x, Vo) < VA, we have

145 (z/x, V) =1d%(z /2, Vy) = n.
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In other words, z is K-independent over & U Vj, and therefore, xz is K-independent
over Vp. Lastly, since (z, Vo)¢ <o (2, Vp)? and (z/, Vp)? <¢ (zz, V5)Y, we conclude by
Lemma [3.1.11] that (z’, Vp)¢ < VA. O

We now present the main result of this section, which allows us to extend VOA — VOB
to a K-powered field isomorphism. We repeat the assumptions.

Proposition 5.3.4. Let A, B be K-powered fields, let VA,VOB be strong K-subspaces
of VA VB respectively, and let v : VOA — VOB be a K-linear isomorphism such that
ex(Vgt) =RF ex(VP). Assume A satisfies KR and is |VB|* -saturated. If B = (V)
then there is B' < A and a K-powered field isomorphism f : B — B extending ¢.

Proof. First, let us extend ¢ to include kex® in its image. Take a Q-basis (yj)jes of
kex? over VOB . Strongness of VOB implies that (y;);es is K-independent over VOB . Induc-
tively applying Lemma and compactness, we conclude that there is K-independent
(zj)jes C kex” such that ex((xj)jeJ,VOA>K =RCF ex((yj)jeJ,VOB>K. Thus, we may
assume that kexB - VOB .

We construct inductively strong K-subspace V;, of V4 and f, : V;, — V5B inducing
isomorphisms V;, =X-V5 £(V},) and ex(V;,) =RCF ex(f(V;,)). Let fo = ¢.

Suppose we already have V;, and f,. Let R, := (ex(V,))** and f! : R, — RS
extending ex(V;) — ex(fn(V,)). Take a multiplicative basis (m;)ier of (ex(V;,))® over
ex(V,,). For each i, take a; € ex 1(m;) and b; € ex (f!(m;)). Strongness implies that
(ai)ier is K-independent over V,, and (b;);er is K-independent over f(V;,). By Lemma
we obtain K-independent (a;})icr = (a; + 2i)ier over V,, such that (V;,, (a;)ieﬁ@ is

strong and

ex((ah)ier)" =BGV, ex((ba)ien)™

Now let Vi1 := ((al)ier, V)™ and let fny1 extend f, mapping (a})ier to (bi)ier-
Take V! = U, V,,, R = Uy Ry, B = (V' R/), and f = U, . O

As a final remark of this section, note that if K is an infinite-dimensional Q-vector
space, then any K-powered field satisfying KR cannot be strongly dependent. Indeed,
take Q-independent (7)<, € K over Q. Let ¢;(z;y1,y2) state that x € kex and ex(r;x)
lies in an arc given by y1,y2 € S. Then (¢;)i<w gives an inp-pattern of depth w for every
model of KR.

5.4 Strong pairs

Let V be a K-vector space, R be a real closed field, and let S be the unit circle of R?.
In this section, we introduce pairs of definable subsets of V" and S™ that characterize
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strong extensions. They provide the bridge between the abstract strongness definition
and the first-order axiomatization.

Let D+ a C V™ be an affine K-linear subspace, and let W C S™ be a semial-
gebraically connected Nash manifold (semialgebraic analytic manifold) defined over b,
which is given by an (-definable set W (x,y) C S™ x R™ and parameters b € R™.

Fact 5.4.1 ([BCRIS, Proposition 8.4.1]). Let W C R™ be a semialgebraically connected
Nash manifold. Then the Zariski closure W% of W in R™ is irreducible, and W% has
the same dimension as W.

Definition 5.4.2. We say

e D+ ais free if v(D) has dimension 1 for every v € Z™ \ {0},
o Wy is free if (Wp)" has dimension 1 for every v € Z™ \ {0},

e (D + a,Wy) is free if both D + a and W, are free,

e (D + a,Wy) is rotund if

dim M (D) 4 dim(Wp)M >k

for every M € ZF*™ of rank k.

e (D+a,Wy) is a strong pair if it is free and rotund.

Define the dimension of (D + a, Wp) to be dim D + dim W5,

We can alternatively define freeness and rotundity from the perspective of generic

points.

Lemma 5.4.3. Leta C ACV and b C B C R. Suppose ¢ is generic in D + a over A
(or in Wy over B). Then D+ a (or Wy) is free if and only if ¢ is Q-independent over
A (or multiplicatively independent over B).

Proof. (<) is clear. We show (=). Suppose v-c = a € A for some v € Z" \ {0}. Let
E =ker(v: V"™ — V). Both E + ¢ and D + ¢ are definable over A, and hence,

dim(E + ¢) N (D + ¢) > 1d¥(¢/A) = dim(D + ¢).
Therefore, D C E. The argument for W is analogous. O

Proposition 5.4.4. Let X C Y € Cz and let (D + a,Wy) be a free pair with a C VY
and b C RY. Let ¢ C VY satisfying c is generic in D + a over V¥ and ex(c) is generic
in Wy over R*. Then (D + a,Wy) is rotund if and only if V¥ < (V¥ C>Q.
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Proof. (=) For every & C (V¥ c)Q, there is some M € ZF*™ of rank k satisfying
VY + ()8 = v+ (M ()2
Freeness implies 1d@(M (c)/V*) = k, and rotundity implies

S(x/VY¥) = 6(M(c)/VY)
=145 (M (e)/VY) + trd(ex(e)™ /RY) — 1A% (M (c)/ V)
= dim M (D) + dim(Wp)M — &
>0

(«) For every M of rank k, we have that

dim M (D) 4 dim(Wp)M =145 (M (c)/V*) + trd(ex(c)™ /RY) > k. O

5.4.1 Definability of strongness

In this subsection, we show that strongness is a definable property of the pair (D+a, W)
when parameters a C V and b C R vary. Since strongness does not depend on the
parameter a, we may assume a = 0. Let I/I//\b C F™ denote the Zariski closure of
Wy C 8™ C R?" viewed as a subset of F™.

Lemma 5.4.5. Let Wy C S™ be a semialgebraically connected Nash manifold. Then VI/Z,

is trreducible, and the dimension of Wy equals the dimension of V[//?b as a subvariety of
.

Proof. Irreducibility follows from Fact [5.4.1] For the dimension, take a generic point
(z,y) € Wp. Then x + iy is a generic in Wp and trd(xz, y/b) = trd(x + iy/b). O

Let (X¢)term € F™ be a constructible family defined over Q. Applying Fact
to (Xt)tepm, we obtain a finite set u(X) of proper algebraic subgroups of (F*)". For
each B € u(X), we write Mp for a full-rank matrix defining B. Let ¢pw x(st) be the
conjunction of the following formulas:

1. Wo € Xy A\ dim W, = dim Xg.

2. Vpep(x) dim(Xy)M? > 1.

3. Vpeu(x) dim(Xe)M? + dim Mp(D) > rk Mp.

Lemma 5.4.6. Suppose Wy is a semialgebraically connected analytic manifold, X¢ is
an irreducible variety, and (D, W) is n-dimensional. Then ¢pw x (be) holds if and only
if all the following conditions hold:

1. Wy = X.
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2. Wy is free.

3. (D + a,Wy) is rotund.
Proof. The equivalence of Line 1 is clear. Let us assume I/I//\b = X, and show that
the remaining lines are equivalent. (<) is clear by the definition and the fact that
dim(Wp) M5 = dim(W,) 5.

(=) of Line 2: Suppose on the contrary that there is v € Z™ \ {0} such that W} C
d-ker(v : F™* — F) for some d € S™. Taking closure on both sides, we get Wy C d-ker(v),
and therefore, W, Nd - ker(v) is atypical. Fact implies that (V/[/\},)MB is constant for
some B € pu(X).

(=) of Line 3: Towards a contradiction, suppose (D + a, W) is not rotund. Then
there is a full-rank matrix M such that dim(Wp)™ 4 dim M(D) < tkM < n. Let
A C (F*)" be the algebraic subgroup defined by 2™ = 1.

Let (x,y) be generic in Wy, over b. Then z := x + iy is generic in V[//\b over b. Let S
be an irreducible component of V[//\b N zA containing z. The following calculation shows
that S is an atypical component of the intersection:

dim S = dim(V/V\b NzA)
= dim W, — dim(T/I//\b)M by fiber dimension
> dim V[//\b —rk M
= dimV/V\b +dimzA — n.

By Fact there exists B € p(X) such that S is contained in zB.
For every coset of algebraic subgroup 2z’ A’ C zA such that S C 2’ A’, we have

dim(W, N zA) > dim(W, N 2’ A’) > dim S = dim (W, N zA).

Therefore, we may assume A to be the smallest algebraic subgroup having a coset con-
taining S. Thus, zA C zB. The typicality of S with respect to zB gives the following
equality:

dim(W, N zA) = dim S = dim(W, N 2B) + dim A — dim B,

and by fiber dimension,
dim(W,)M? — dim(Wp)M = 1k Mp — rk M.

Putting everything together, we get

dim M (D) < rk M — dim (W)™ by assumption
=tk My — dim(W,)M»
< dim Mp(D), by ¢pwx (be)
contradicting A C B. O
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Let ¥ pw (s) be the formula stating that (D, W) is n-dimensional, W is a semialge-
braically connected analytic manifold, and D is free.

Proposition 5.4.7. For every b C R we have that (D, Wy) is an n-dimensional strong
pair if and only if Ypw (b) A ¢pwx (be) holds for some irreducible variety Xe. O

5.4.2 Existence of strong pairs

Lemma 5.4.8. There is an irreducible subvariety W C S™ such that dimW =n — 1
and dim WM = k for every M € ZF*™ of rank k < n.

Proof. Let W (z1,y1, ..., Tn, Yn) be the subvariety of S™ defined by
1+ ...+x,=n—1.

Let us show that dim W™ = n — 1 for all M € ZM™D*" of rank n — 1. It suffices to
consider the R-points of W.

By fiber dimension, we need to show that the intersection of W and any coset of a
1-dimensional subtorus has dimension 0. Suppose on the contrary that it intersects a
coset parametrized by

{(ei(v16+a1)’ - ei(vnﬁ-i—ozn)) | g e R},
where aq, ..., € R and vy, ..., v, € Z with vy, ..., v non-zero for k € [1,n]. Then
f(0) := cos(v16 + a1) + ... + cos(vih + ay)

must be a constant for all  in some open interval. This is only possible when they cancel
each other, which implies f(f) =0 and k£ > 1. But then

cosapt1 + ... +cosa, <n—k<n—1,
contradicting the definition of W. O

Since K is a proper extension of Q, we can always find a 1-dimensional free K-linear
subspace D C V",

Corollary 5.4.9. There is an n-dimensional strong pair (D, W) C V™ x S™ such that
dim M (D) + dim WM > k for every M € ZF*™ of rank k < n.
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5.5 Axiomatization

This section is devoted to a complete axiomatization of rich structures in Cz. Recall
that Th(Cz) = Tz (Section [5.2). The following property characterizes the <-existential
closedness of rich structures.

Definition 5.5.1. A structure A € C has the EC-property if for every n-dimensional
strong pair (D+a, Wp) C V™ x S™ and proper affine K-linear subspaces D1 +ay, ..., D+
aj of D + a where a,ar,...,a; C VA and b C RA, the following set is non-empty:

((D+a)\ U (D; + a;)) Nex ™ (Wy).

Proposition [5.4.7] enables us to express the EC-property in a set of first-order sen-
tences EC. Define the theory TfCh as the union of 77, KR, and EC.

Lemma 5.5.2. Every rich structure in Cz is a model of T%iCh.

Proof. Let U € Cz be a rich structure. Then U F T7. Both KR and EC follow from
<-existential closedness.

For EC, let (D + a,Wp) C V™ x S™ be an n-dimensional strong pair and let D; +
ai,..., Dy + a; be proper affine K-linear subspaces of D + a. Take a generic point p
of D + a over V¥ and a generic point q of Wp over RY in some extensions, and let
Vy = <V“,p>K, Ry := (R4, )", Vj := <V“,p>Q, and exg : Vp — Sp mapping p to
q. Proposition yields a K-powered field A extending (V{, Ro, exg) with Vj < VA,
By Proposition VU < Vp, and therefore Y < A. By <-existential closedness,
AE 3z, ¢(x) implies U F Jzx, ¢(x), where ¢(x) is given by

z € ((D+a)\U_(D;+a;) Nex ' (Wp).

For KR, let 1, ...,7, € K be Q-independent over Q and let O C S™ be a semialgebraic
open subset. Take a K-independent p over V¥ and a generic point g of O over RY in
some extensions, and let V{ := <V“,p>K, Ry := (R4, ¢)", Vp := <V“,p,r1p,...,rnp>(@,

and exq : Vo — Sy mapping (p, 1D, ..., rmp) to (1,q1,...,qn). Again by Proposition
and <-existential closedness, we have

UE Tz, x € kex A fr(z) € O. O

Since there exists a rich structure, the theory T%iCh is consistent.

Proposition 5.5.3. LetU be an N(T—satumted model ofT%iCh. Then U is a rich structure

mn Cr.
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Proof. Let X < ) in C%n be a minimal strong extension. Assume that X is strongly
embedded into . To simplify the notation, let us further assume that V¥ C V¥ and
RY C RY. We need to show that ) is strongly embedded into /. By Proposition [5.1.11
there are three cases:
1. Kernel extension: 1d%(kex” /V¥) =1 and Y = <VX>§,C.
Let b € kex” \V*. By Lemma there is a € kex! \V*¥ such that ex (a)™ E%%F
ex (b)®. Then V¥ <o (V¥,a)" < VY. Applying Proposition to <VX,a>K, we
obtain ' <U and V' =2 Y fixing V¥ C V.
2. Prealgebraic extension: kex? = kex” and Y = (V¥ ,b)g,c for some Q-independent
tuple b = (b1, ..., b,) C VY over V* with 6(b/VY) = 0.
Claim. For every Q-independent tuple b’ = (b1, ..., by, bpi1, ..., bm) C <b>K over V¥
extending b, there exists @’ C V¥ such that a/ = S b and ex(a’) E%(E(F ex(b).
Proof. By NJ -saturation, it suffices to show that the type
VS8 V) U R (b V)

is finitely satisfiable. Let u be a finite subset of this type. By analytic cell decompo-
sition, there exist affine K-linear subspaces A, Ay, ..., Ay € V™ and an analytic n-cell
W C S™ defined over X, such that p(x) can be deduced from

x € A\UJA; |\ ex(z) € W.

By definition, analytic cells are connected analytic manifolds. Since X <y YV, by

Proposition the pair (A,W) is strong, and we can take (A,W) to be m-

dimensional because §(b") = 0. The conclusion follows from the EC-property. |

By R -saturation, there is @ C V¥ such that (a)® E{/{)}VS ()" and ex (a)® E%%F

ex (). As a result, V¥ < <VX,a>K < VY. By Proposition we extend
(V¥ a>K — (VX b>K to a K-powered field isomorphism )’ — Y for some V' <U.

3. Purely transcendental extension: kex® = kex”, (V¥ ,m)Q <VY and Y = (V¥ z))y
for every . € VY \ V&,

Take b € VY \ VY.

Claim. There exists a € V¥ such that
o ex(a) =}SF ex(b), and
o Vwc (VH)", §(w,a/VY) > 0.

Proof. Since V¥ <o V¥ Ukex", the second line is equivalent to

Vw e (VH)", §(w,a/V™ Ukex!) > 0,
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which is type-definable by Proposition [5.2.6, We prove finite satisfiability. Let cq,co €
RY be such that ¢; < psi(ex(b)) < c2 and let N € N. Consider the following partial

type ¢(t):

o 1 < p(ex(t)) < cg, for some c1,co € RY, and

e foralln < N—1,Vwe V" §(w,a/VY) > 0.
By Corollary [5.4.9] there is an N-dimensional strong pair D x W with a generic point

(a,r) = (a1,az,....,aN,T1,...,TN) € vV x §N

in some extension such that

e ¢ < psi(r1) < e,

e 1d%(a/V¥) + trd(r/R¥) = N, and

o 1d5(M(a)/V?®) + trd(rM /RY) > k, for every M € ZF*N of rank k € (0, N).
Applying Proposition to Vo = (V¥ a)Q,Ro = (R¥,7)" and exy mapping a to
r, we obtain a structure X’ € Ci" such that <VX,a>Q < V¥ kex¥ = kex¥, and
(V¥ a)%, = X'. Since 6(a/V¥) = N, we have X <o X’ and then Caseimplies that
X’ is strongly embedded into . Identify X’ with its image in U.
Let us show that & F 1(a1). For the second line, take any w € (V¥)", where n <
N — 1. Let w’ be a Q-basis of wN (V¥ a>Q over V. It follows from submodularity
and (V“Y,a)Q < VY that

S(w/w' a1, V) > d(w/a, V) > 0.

Take a matrix M € ZF*N of rank k € (0, N) such that (VY w/, a1>Q = (V¥ M(a))Q.
We have

1d5(w', a1 /VY) + trd(ex(w'), 71 /RY) =1d5 (M (a)/V?Y) + trd(rM /RY) > K,
i.e., 6(w',a1/V¥) > 0. Combining the two inequalities, we get
S(w,ay/VY) = d(w/w, a1, V) 4+ 6w, a1 /VF) > 0. [
Take such an a € VY. The following inequality shows that the set (V¥ a>Q is strong
in VY.
S(w/V*, a) =6(w,a/VY) = §(a/VY) = 6(w,a/VF) —1>0.

Apply Lemma toa € V¥, b e VB to obtain o’ € V¥ such that ex (a/)* E%%F

ex (1), and then conclude by Proposition m O

Theorem 5.5.4 (Theorem [1.1.6)). The theory of rich structures in Cz is axiomatized by
Trch, O
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5.5.1 Near model completeness

We prove near model completeness by applying Proposition m to T %iCh. Recall that
7 = (b)Y°. Let A € Cz be a rich structure, let ci,...,c, € V4 be Q-independent over
b Ukex?, let D + a + d be the K-linear locus of ¢ over b U kex* where a € (b),
d = M'd for some K-matrix M’ and d' C kex?, and let W C S™ be the algebraic
locus of ex(c) over Q(ex(b)). We construct a formula similar to Lemma[5.2.4] Fact[2.5.4]
gives (W) = {Bi,..., Bs}, where B; is defined by full-rank matrix M;. Let (M;D)q
be defined by full-rank matrix V;. By Fact applied to (WMi)Ni and ex((b)2), we
obtain i, {vi1,..,Vir }, and {4;1,..., Air, }. Define 7.(x) to be the conjunction of the
following formulas:

1. 3y Ckex,z € D+a+ My,
2. ex( ) € W, and
—(Vizy Vis, (dim(4;5) < vk(N;) A ex(N;Miz) € 7,5 Ai5) )

This is an existential L(Z)-formula, because whether dim(A4; ;) < rk(N;) holds is inde-
pendent of x.

Lemma 5.5.5. For every rich structure A € Cr and Q-independent ¢ C VA over
b U kex?, we have A E 7e(c) and for every rich structure B € Cz and ¢ C VB if
B E 7e(c) then §(c//bUkex®) < 6(e/bUkex?).

Proof. The idea is similar to the proof of Lemma First, observe that since
md(ex(c)/ex(b)) = |¢|] = n, we have that ex(N;M;c) cannot be multiplicatively de-
pendent over ex(b), and hence c satisfies 7.. Notice that

5(c/bUkex) = 1d% (¢/b Ukex) + trd(ex(c)/ ex(b)) — 1d%(c/b U kex)
=dim D + dim W —n.
Let B be rich and let ¢ C VB with B E 7.(¢/). Then 1d%(¢//b U kex) < dim D and

trd(ex(c’)/ ex(b)) < dim W. Let us show d(¢’/bUkex) < §(c/b U kex).
Suppose on the contrary that

1d% (¢ /b U kex) + trd(ex(c)/ ex(b)) — 1d9(¢/ /b U kex) > dim D + dim W — n.

Then 1d%(¢//b U kex) < n. Take a coset oA of an algebraic subgroup A such that
ex(d) € ad, o C ex((6)?), and dim(A) = md(ex(c’)/ ex(b)). Let P be an irreducible
component of W N aA containing ex(c’). The following calculation indicates that P is

81



atypical:
dim P > trd(ex(c)/ ex(b))
> md(ex(c')/ ex(b)) —1d¥(¢//b U kex) + dim D + dim W — n
>dim A+ dim W —n.
By weak CIT (Fact [2.5.4), there is B; € (V) and v such that ™ = v for all € P,
and in particular, ex(M;c') = 7. Since v is defined by W and «A, it must be algebraic

over Q(b), i.e., trd(y/b) = 0. Let A’, B C V" denote the Q-linear subspaces defined by
M 4, M; respectively. We have

dim(M; A’ N M; D) > 1d% (M;c' /b U kex) = md(ex(M;c')/b) = dim AM: = dim M; A'.
Therefore, M; A" N M; D = M;A’, which is contained in (M;D)g. Hence,
ex(NiMia) € ((ad)™)™ = {(a™)™} C ex(()?).

Going through the same proof as Lemma we obtain dim(WMi)Ni < 1k(N;),
resulting in a contradiction to Statement 3 of 7. O

Note that by Lemma [3.1.11] for every rich A € Cz and every @ C VA, we have
(ab)? < VA if and only if (ab U ke><;“4>Q
function to be § localized at (bU keX>Q in the proof of near model completeness. For

< VA, Therefore, we may take the predimension

other three conditions, Condition 1 is clear, Condition 2 follows from Proposition [5.5.3
and Condition 3 follows from finite generation. By Proposition [3.3.7]

Lemma 5.5.6. TfCh 18 near model complete. 0

5.6 Open core

In this section, we prove that every open subset of R™ definable in T fCh must be semial-
gebraic. Let M* = (V| R, ex) be a saturated model of T%iCh where V' is equipped with the
trivial topology, and let M be the reduct (V, R). Let ¢ C V be a tuple of parameters.
We may assume <c>Q < V by extending ¢ via Lemma Applying Lemma [5.1.8
we obtain a K-powered subfield A € C strong in M* such that A = (c)b’. We now
prove that every open set definable over A in M* is definable over A in M.

Let D}, be the following set:

{(a1,...,a,) € V" |Yw C V, §(wa/V*) >1d%a/VA) = n}.

In other words, D!, consists of all Cl-independent tuples over VA, Let D,, C R" be the
set (pgt 0 ex)™(D)).
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Lemma 5.6.1. Let U be an open rectangle in R"™. Then U N D,, # (.

Proof. We show that for every open arcs Ut ..., U,, C S defined over some d’ C S, the set
(Uy X ... x Up) Nex(D},) is non-empty. Take d C V such that ex(d) = d’. By extending
d, we may assume (VA d)Q < V. Lemma yields a K-powered subfield B € ¢fi»
strong in M* such that B = (VA, d)ZC. By Proposition there exists a structure
B, € Cfi" extending B and ay, ..., an € VB such that:

o (VB a)?<VB

o kexB = kexB ,
B = <VB,a>2i,
1d¥(a/VB) = trd(ex(a)/RP) = 1d%(a/V?) = n, and
ex(a;) € U for i =1,...,n.

Richness of M* implies there is a strong embedding B; — M* extending B < M*. Let
us identify By with its image in M™*. For every w C V, strongness gives

6('wa/VB) =J(w/a, VB) + 5(a/VB) >n.
Hence, a is Cl-independent over V5. We conclude that
ex(a) € (Uy x ... x Uy) Nex(D)). O

Lemma 5.6.2. Let a,b € D, satisfying a E%ﬁF b. Then there is a K-powered field
isomorphism

f:X Y, where X, < M* and X,Y € ¢,

sending a to b and firing A.

Proof. Let x,y € V such that p"(ex(x)) = a and p"(ex(y)) = b. We show there
is such an isomorphism sending ex(x) to ex(y). First, notice that D/ implies both
(x, VA)Q and (y, VA>@ are strong in V, both @, y are K-independent tuples over VA, and
both ex(x),ex(y) are algebraically independent tuples over RA. Therefore, x EIV(;\VS Y
and ex(x) E%SJ\F ex(y). Now apply Lemma [5.3.3 to <VA,:13)Q and (VA,y)Q, and then

conclude by Proposition ]

Proposition 5.6.3. Every open set definable over A in M* is definable over A in M.

Proof. Apply Lemma [2.3.12] with C = A. The first and second lines are Lemma [5.6.1
and respectively. O

Corollary 5.6.4. Every open subset of R" definable in M* is semialgebraic.
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5.7 Model

Recall RK = (RK-V87 Roring, eXp), where exp(t) = 6271—”,

In this section, we prove that R is a model of T}iCh for some Z under the assumption

SCk (Conjecture [2.5.9)). In fact, we only need to assume J has a lower bound.

Lemma 5.7.1. Assume there is d € Z such that for all x C R we have
6(x) = 1d% (x) + trd(e*™®) —1d%(x) > d.
Then RE contains a finitely generated K -powered subfield T such that T < R¥.

Proof. Apply Lemma [3.1.13|to the empty set and then apply Lemma [5.1.8 O

As a result, RX E T7. The property KR is clear for RX by Fact We prove the
EC-property for R¥.

Let (D+a, W) € R"x(S1)" be an n-dimensional strong pair and let Dy +ay, ..., Dy+
ay, be proper affine K-linear subspaces of D + a. We may assume a = 0 by replacing
Wy with exp(—a) - Wy, and assume each D; has dimension dim D — 1 by taking a larger
D;. We need to show that D\ US| (D; + a;) Nexp~'(W}) is non-empty.

Lemma 5.7.2. There is a semigroup D' C D open in D such that D' does not intersect
any D; +a; fori=1,... k.

Proof. We show that there is an open cone C' C D and a closed ball B, C R" of radius
r centered at origin such that C'\ B, satisfies the requirement. Each D; 4+ a; cut D into
two open subsets, and we let E; to be the one not containing 0. Construct polytope P;’s
as follows:

e Py:=D.

e If D;+a;NP,_; =0 then P, := P,_;.

e If D;+a;,NP_1# 0 then P, := P,_1 N E;.
Note that P, is an unbounded polytope open in D. Hence, P, U B, contains a cone open
in D for large enough r € R. O

Take an open semigroup D’ C D satisfying the lemma.
Lemma 5.7.3. If D is free, then exp(D’) is dense in (S*)™.

Proof. Since D’ is open, it contains a generic point a of D over Q. Since D is free,

Lemma implies that a is Q-independent over Q. By Fact the set exp(a-Nxg)
is dense in (S1)", and @ - N5 C D’ because D’ is a semigroup. O]
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Define the following map:
f:D'xW — (SHn
(z,y) — exp(—) - y.

Let D* x W* be an open subset of D’ x W such that f|p«xw~ is definable in Rg, which
is defined in Example 2.3.7

Lemma 5.7.4. For every generic (x*,y*) € D* x W*, the fiber f~1(f(x*,y*)) has
dimension 0.

Proof. Let z* = f(x*,y*). Then

FHfy") = {(z.y) € D" x W* | y = 2" exp()}.

Suppose the contrary. Since (z*,y*) is generic, f~!(f(x*,y*)) contains an analytic curve
through (z*,y*) parametrized by (&,%)(t) : (—1,1) — R™ x (S')" with Z(0) = z* and
y(t) = z* exp(x). Therefore, T1(t), ..., Tn(t) € R[[¢]] and rk J(Z1(t), ..., Tn(t)) > 0.

Let # = & — x*. After swapping the coordinates, we may assume that the first
k-terms 21, ..., # form a Q-linear basis of &, i.e., for each j < n —k we have that Z3; =
a1;&1 + ... + ag; 2y for some a;; € Q. Hence, there is a full-rank matrix M € Z(n—k)xn
such that & € ker(M). By fiber dimension,

dim(D* N (x* + ker M)) = dim D* — dim M (D*) = dim D — dim M (D),
dim(W* N y* ker((-)M)) = dim W* — dim(W*)M = dim W — dim(W)™.

Rotundity of D x W implies

trd(z/C) + trd(g/C) < dim(D* N (z* 4 ker M)) + dim(W* N y* ker((-)M))
= (dim D + dim W) — (dim M (D) + dim(W)™)
< k.

However, Ax—Schanuel (Fact [2.5.6]) implies
trd(zg/C) = trd (21, ..., &k, exp(21), ..., exp(dx) /C) > k.
Contradiction. O

Lemma 5.7.5. D' Nexp (W) is non-empty.

Proof. Let X denote D* x W*. The set
Xo = {(z,y) € X|dim f~'(f(z,y)) = 0}
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is definable.
Claim. dim(X \ Xj) < dim X.
Proof. Suppose the contrary. Take a generic point « of X \ Xo. Then x is generic in X.

By the previous lemma, x € Xy. Contradiction. [ |

By fiber dimension,
dim f(X) > dim f(Xp) = dim Xy — 0 = dim X = n.

Since exp(D’) is dense in (S!)", there exists a € f(D* x W*) Nexp(D’), i.e., there are
u,v € D', w € W such that

exp(—u) - w = o = exp(v).
Hence, exp(u +v) = w and u + v € D’ as desired. O
This completes the proof of the EC-property.
Proposition 5.7.6. The structure R satisfies the EC-property. 0

We conclude that if RX E T7 then RX E Tf‘:h.
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